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Integrating 3D Visualization Tools into Teaching Surface Area
in Elementary School Classrooms: An Example of Google
SketchUp

Pao-Nan Chou Chong-Yan Wu

Program of Instructional Technology, Department of Education, National University of Tainan

The purpose of this study was to examine the effects of three teaching models on the effectiveness of learning the
surface area of composite solids in elementary school settings: the Google SketchUp assisted instructional model
with push-and-pull function, the Google SketchUp assisted instructional model without push-and-pull function,
and the traditional instructional model. This is an empirical study, utilizing a nonequivalent pretest-posttest control
group design. Participants were recruited from an elementary school in Tainan city, including three classes with a
total of 84 fifth-graders. Each class was randomly assigned one of the three teaching models. After a three-week
teaching experiment, all the participants completed a posttest on the surface area of composite solids. The results
showed that students who received the “Google SketchUp assisted instructional model with push-and-pull function”
performed better than students who received the “Google SketchUp assisted instructional model without
push-and-pull function” and students who received the “traditional instructional model”. However, no significant
difference was found in learning effectiveness between the “Google SketchUp assisted instructional model without
push-and-pull function” and the “traditional instructional model”. The findings indicated that integrating
information technology into mathematics education would only be effective when the tools are comprehensively
implemented; otherwise, it would not significantly differ from the result of employing traditional classroom

teaching strategies.

Keywords: 3D visualization tool, surface area instruction, quasi-experimental study,

information technology integrated into mathematics education
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Learning the Area of Parallelograms with Worked Examples:
The Influence of Metacognitive Questions
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The purpose of this study was to examine whether including metacognitive questions in worked examples would
influence learners of different abilities differently in terms of test performance, learning time, and cognitive load. A
2 (types of worked examples: with or without metacognitive questions) x 2 (ability: high and low) experimental
study was conducted. The material was multimedia worked examples for learning the areas of parallelograms. The
participants were 86 fifth graders from an elementary school. They were divided into high and low ability groups
based on their mid-term exam and randomly assigned to one of the experimental groups. The results showed that
the inclusion of metacognitive questions increased the overall learning time, but it was mainly due to the system
difference of the instructional material. Inserting metacognitive questions in the worked examples did not influence
high ability students’ perception of cognitive load and test performance; however, it negatively influenced their
perception of confidence and willingness to participate in the activity. For the low ability students, the inclusion of
metacognitive questions significantly influenced their perception of cognitive load. They needed to invest more
time and effort to learn. These effort unfortunately did not enhance their test performance and negatively

influenced their confidence and willingness to participate in the learning activity.

Keywords: parallelogram, area, cognitive load, metacognitive question
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RE& sk R R ALE LIEsPInIRas (L & - SBER AR T Rl aE S - G THEs - B4
IRNAE RIS ? 550 (s A = PR R L E S T - YRRV E E R A RE
HITRBGERIES - TMERE PR -

B BT R 5 0 AR H ISR s - DTS EiE BT A R 5%
ST LIS BIHIE A BbS - SRS TAF&ER G 0 A& st R RE A A [F]RE ISR AR R ERE AL ~
B AN B M AT YR 2 -

R\~ SURRERST

— ~ TYEEHRE (the worked-example effect)

TAF#E PR —E S A REP BRAYRTE - John Sweller FIfth#YEFXAE 1990 FAFEEAHY
R AR 3 B - (R B2y - A i S s 0 & L AR SR B R i A R 22 ((Cooper &
Sweller, 1987; Paas & van Merriénboer, 1994; Sweller & Cooper, 1985 ) » [FLHI T{E&FIZE (the
worked-example effect ) - Zhu Eil Simon (1987 ) B2 LA TAF#GIHYERE T A TEX R AL 8y —Fr
HRER S FBREMT B AR e I A AN BEEE T » A N T ZFRVEEERE (58
REA—FRYZEAT)

HARHY LIFE PR LA 23 (REWT 7R - LIFEPIE 2 HASHVERIE T~ (41 © van
Gerven, Paas, van Merriénboer, Hendriks, & Schmidt, 2003 ) » S {F4ERRAVE IR T (41 : Crippen
& Earl, 2007 ) {RZAFE%Y » H van Gerven 55 A (2003) HYRFZEREDR AR FIHYRERA S E—fHY
FRZA B AR BRLEAE (ONTEA E) TRERL #E TAEEf4ERYE A thB 2 Ha R
REEREE - R DL DI R A YRR RN A E R [F AR IR, - AHBRAHSENCHR Y - AR
)2 A= MR AR E B AR (Renkl, 2011) -
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=~ TYFEafEamAe — S0 a i m

Fofa] DA (] R AU 2R3 S (R DLGRE Ry AL E2EE 2 (K4 Sweller (1998, 2010)
2 ] AR R A w8 o SRAIE T B a2 DA SIS0 M A e M R AN DR Y 2 B2 H B - SR
SRS NN E H AT =Y TIESC &R (Kalyuga, 2009, p. 35) » EZ{EF5HY
J& M Ry BRI M B2 28 (Paas & van Merriénboer, 1994 ) - Sweller Ei1 Sweller (2006) fi%13%
AVEEMERR - NISHIRIERE A E - RERY S G A E - KL - EREA [EE R R 2240
s A [E] » E2EEY AN ] - (35 Sweller 811 Sweller » AJEH R EIHE 45 * #)4% A1 (primary
knowledge ) K&kl (secondary knowledge ) » 1 TGk E 725 48 A B {LASAR I 7RF AR =] Lk
NBEBVEEANARRE - I A5 il 2SSt S22 2R - BRI E SR
s 0 SRR A EHEMRERI AT o M RERKIERALE NI R ST B A1 S B A AR R RIEE - A [E]
A AL G A A R REFI - BRI E SR N - BB EAEREE - REE
REVERE EENRE @ = -

SRITT N JER A5 15 SR AIERATIE 2 Sweller B Sweller (2006 ) 11 [ ZAKFEAY 8 LB BE
fath - NERAEREREEA B AAKIZAE AL G T DA A E AR R fdE - 1. 3
HEEFEAI (the information store principle) » 2. & E1EE4H 5 RI] (borrowing and reorganizing
principle ) - 3. [Ef%4= 5[5 HI| (randomness as genesis principle) » 4. ATEXEEH A (narrow limits
of change principle ) - 5.2 4H 4% B 384E [5 Al (the environmental organizing and linking principle ) -
g ENFANESRE « ASEZEREES H & AE IR ENRA S Py TIFESRE
FE-(EEEHRRIECRE GREGFEFERD » FFIEBE AL EROIBFEFFT A -~ B
FEEEIE M ANAYFTER ~ FTESHYZARFNG, - AR — P L E C RIECR P RVAIERGS & D
HYEAE - R EIERYEE (EREEHFER]) - BE)2A &It A KIS - B inE—a] 1Py
TEREHGES - WERTTEAR - BlTRIREE - AR s E Sl (FEHAERERAD) - 280
NETECEZEEAR (7 £ 2) ROREGREERERIRE - RNELEREARA SRR RER
s REEM Z 125t & =5 T (Sternberg & Sternberg, 2012) - Jiil £ T/ERCHR 5 A & FHZI G
FRllE o MR (S - 455 ~ R ) FrEENE - RIE —REEEEHY
SHEEREAMR (Cowan, 2001) - FRIEE MRV BLR LIRSS & E0E K RIECIEAVEASE T
e (CAIRECEER]) - Sweller B Sweller (2006 ) 57 5 HIEC IR T REAYERE 24 EAHARAY - 1
FEPETRSRHRTY > Y ER A AR - ATl e Ry B 5 UK B R AR SR B T IR E A —F%
o E RS IR AR E A SRR PR - Ericsson B Kintsch (1995) F#ILE B T R T /ERCHE L
EThRE iRt M BiRm —(EA 0SS - TRETE R MRS 5 &) - EABERNEE (B
SEaH AR e S R AL ) -
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e BRI Z S SRR B YR A > B RIREC R B AR A 238 T E E YA T
DRIEE Sweller $2t > F 22 HEYER I IR IECIE T AV IR > JRR > FE28y HAVIER BB
BE BB R RIFECRAVES - HRETIEEENY > SL/AS AR BT IR AR - T
fERCIE G 2 2w B EATRAYBAS RS - NI - BEZARE R By E S A R NS
e A — BRI A T HEUR - SRR B R I I AR R R TR AR
HIET - BGETE L ArHYEERE (Renkl, 2005; Sweller, 1998 ) - {5 F {5 A B B8 4H R Al E B2 A1k
HRERIITE -

{B/Z Renkl (2005) thf5t, - #EPA TAFEEETA] LAe E QISR oy BASEARS - (H BRI TR
PlyEGEHEE ERF - TIFspIrysEtRE R EMRER - A TEE ERH R RIS BEEt 2305
= Fh TEEGRIARNE: - 52 > DIEf RAREY B E 2 s B A RN S PR EE e T RE
B NSHHREATE TR SRR RV A RUE A - IR AR SRR S e E H -

=~ AR RV E R TR BER S

(—) RIS FHREEL

TARFBIHI AR AR I B TR A RE AU E FEE IS AE AR & ] - SRR A i fe
H=FES A EfarER (Paas, Renkl, & Sweller, 2004; Sweller, van Merrienboer, & Paas, 1998 ) : [N
FEERFIEE (intrinsic cognitive load ) ~ MESEFIE T (extraneous cognitive load ) FIEREEHIE
faf (. germane cognitive load ) »

& NAESRFI B HEE 2 Ry 2 2K E BUM VIR S P ig e B (T IjL - JRBIZ A S i
& AMESRFIE T E 2K B ks 23RV Z TS sy B NETRT - A R0 R A e Ry LR
ARRHILESS ST (Sweller et al., 1998) - Sweller (2010) 5t - I =FERRHIE ] BT R G 8
(element interactivity ) A# - —{E7TZ (an element) FfEE(TEEHEZAEY) - 41— (SRS
Fr (Sweller, 2010) - JTZ A B fE(E R T R E R FIEAEIHEN TR - HILEEE VA
FEREEZETER - TR OBMERS - SBRIAE RS © (kI Sweller (2010) » E2EFERZHYS1
TERR IS T NSRRI AR @R IR T R G EE AN SRS EEH T LE (NIERAE
fi] ) BEEEN AR IIIER (AMESRRIEST ) FrE B TR A8 - A RERI AR A4 E 2
RPN EIEST » R RAE AR TR R B B R A RARVRE R AT - PR By A A
SHITR L) - AREREREEASHENITR L) NIEEREE PR TR D Bt e
B IFERRHTR A BT -

Sr—J7H > HEPANAERRFI BT IR R 2 R A ST R A BtEas s » HEEANETE
Rt B TR GBI MERYEA - G40 > [EERRY—(&5- intrinsic - ¥12 A MH BRI EA ST
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BEHCSCEFHI A ATRESE 9 (ETCERPTAHREATSE > BWRGEIL T > ERE TR - JREI#
MEIREEE ST R OB G RN EEHE SRS A RN A E - RIELRERR & HBE: - [FEERY
M EHG - A RNVEEE T REE LA RIS & TR -

Sweller (2007, 2010) 5t » HEHYAELE H S FERVSMEREHI R ST FTAE R - IEPHBE | 545
HYERSELEH BL - MO AREHVBERE RN BB = SV A RER RIS RS - BREb 251
WIRPAER A EREHES - SEIMERME A EE - @EEAATERNBERE -
AR TR R A AREE - (ERGEK  MRNERFEHRSHES > SMERRIE T
IR > R AR AR o TR, - AR SR E R R AR A D RS MERE A
By o DI FAVERAIE R S R R s B B A EE) - SRR R A RS E) -

(=) BRIMERMAHH LAEEDRE

AR _EEEE AR AR - NAERERI BT E AR EH B A S B - AR
FRECPAERRFI AT HIIED T - A R CAFHE G & S 2R A 0 ZEHY A B - Kalyuga (2009)
Ry BRI ELER EERA A Y B E A Y
LAHRAHVREAERF 22 R U BRI ER - B2EETR SO E A s A -

IMmE(EEEE LRI - FERIATERAY B0 B 730 (Kalyuga, Chandler, & Sweller, 1999 ) -

2B BN RE R — R 2B @B E R A AR - RS e Emmt
BEEWEANENHRERGET  MTREA L E RSB AR R &M EASFER - BokA
KR PR A B A E S EUE (transient information effect ) (Sweller,
Ayres, & Kalyuga, 2011 ) -

SARFRME R AIIMES B LIRRHEE Z R A 2 - DI T A Won EEYZE A7k -
It o BFSE —F SR A AR s I EL (R AR A R R S RE A AR AR LRI AR R e

(Renkl, 2005; Sweller & Cooper, 1985) -

4 BB R G VRN FTHR A A R g - (Rt - A EEE AR EEN LS LalA G A
SRR HERCERIMNVETT » A FTEEY B 5 SR E (expertise reversal effect ) (Kalyuga,
2009; Kalyuga, Ayres, Chandler, & Sweller, 2003 ) » LIRS 2548 5 E A B 8 B RS g H %2
BHRMBHEAAUER T Haef R E2EE I REMAE -

s EERYERAL - Fr 2HRAVERE R & RIMESRFI AR E EHECEREARE - fliE
AT TR SRR RS EEE R S A E R N E R S A IRV I B S B
A REBERTICE R A EEC R BRI B MR A - B2 B0 S R R R B AH R A Y 22
BE > n[LIEARCRI AR B GHUE  AI5EIUEs - BEREATR VRIS, - HI A HRAEE
NEEEETIRERA Y - (B e R R B B AN NS — 118 -

juny
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(2) REFREZMAFTHBRRRET

H5—T5H @ #F%EEF5H (40 Chi & Bassok, 1989; Chi, Bassok, Lewis, Reimann, & Glaser,
1989; Moreno & Mayer, 2010) » HZ AN LA - BEE AN —EREELE - FRIFBEENE
FERE (R SEEEE B TEMRAYIE AL ES TN RIERAY R - SUREARERFIELT - FJ8 - BHRE -
S EPRRE (elaborative interrogation ) J2i& 05T ARSI A1 ATHYSRES (Moreno &
Mayer, 2010 ) - Z[Ri7A NETAFECEAIRS] > —feEl Ry » RS ZERE A E LR P I B RIEC R
FEAR GG - BRE VAR BE EER AR, - AERRAE B A\ BEERE B TR s i B
fRHEE - Al Ditebasd i A ny g - e T RIS EAR - Webb (1991) (EH&
TREREINIEES » 45 R BURREAE S LA RN A o] LR A B2 5 - Renkl ~ Stark ~ Gruber 82 Mandl
(1998) M E Fefiekery o - SR 1EARRED B rh B B R - SRR L SRIS A B B A 2%
SORIE T A- S AN - Crippen B2 Earl (2007) AYNTZE/RER - SEREIERVRE D > TIF&E
BUinE FefiiekE (self-explanation) & ELESHY TR FIAEENFIREMAFIR - B REEEN -
i R Re

{8 Chi B Bassok (1989) HYRAZCAIFEH » 72 TAFRIBIEITEEREEARI T - SR BK
PR HVER A AR Y B R B B e B A BE AERYRE o IR S Y e A e TR
BIRE R B P RERE JJHess - SRR EERE T EE RIBRAY IS - [ (RACHLAYER 4 B TR AR RE JTHL
99 > FEEEENG REE—20— P RVERBEHL G - 02 A M SGH RIaE 4= s s B i il — (R AL
TRRMERCERER AR AR/ D& (i & S0 FIRL BE - DA A A B2 8% - Mevarech Bl Kramarski
(2003) FIZEEEAN R ER A A el - H CHRMINIEIE 1L sead MR & bt TR f A Ay L]
FOEIGFER - B AT 1% Sap A3 SR U B2 A L e Bt 22 A8 B R B ARG

{E{EEEHYE/E Mevarech B2 Kramarski (2003) HIBTZE(E FIfEAE THVEIEAEE > H
FEMFIEYEFE T - TAREREIAANTEE S — (8 TOREafl % S DU RE - 138 oy B S e RS
Bt TR RRA R - TERR = BRSNS - SR E a2 v iR H A T
TEECIEIRAINY — T AU RIS S (T B S I AR YA AE S T F B S A UE
RN E R - WFRAE B 2R SRS E R » Kies MR ASE LIF & BIa R gL
B SEEAETERSEIAES - EETEE  BEOMRANEHENRGEE ? 550 0 BEERAEE
PEAVERRIBLREFRE S - BRI AVEEE B S AR B TR AES - TMERE—DHET -

g ~ Ea e AIEERTRE R

e ALE— A R AUBIERY RIS e B Fedi%e (Flavell, 1976 ) - Mevarech il Kramarski
(2003) W AE2EWEFREEB/ NI » B R RN ES - W TRE - M
ERERTE AR (5 » R MIASEEER T30 - Ehbs TR Ra/ SRR A F s 31 4R ey
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B2 7 BERHMERE - BB TRIB IR YRR - 4IRS - FIISRERAAERRRERT - B AR
Eiga s A A G LL TARR B AR ERY LR ARG MR - B P 3E ER E 1& aml R B
SEAVEA LLE B A B A B RES © King (1991) 7RfEH - BJlI4RER AR S5 i B IR A B8
Gt R AR IR R R B - HE2 R Rl B R R A A [FI TR 224 -
WE_LACRR - AF TAFF B0 A B 2k - sERE AR R BB & e a0 MR > A] LA
(e A RE R AT ol S e - (BB rl g N ERE et kIR [E - ] A A EHY
R o BRIt - AT AR ER TR S MR A B et BRR; - TN AERE S Re JInysaR
DlinEpragat iR IR B H B R TR AR A M -
Mevarech £ Kramarski (1997, 2003 ) HYBFFTRIE sad kIR 73 A VUHA - B PR BRI T RE
( comprehension questions ) ~ ## 45 14 [t &2 ( connection questions ) ~ SRHEE M B ( strategy
questions ) ~ k252 fE[iERE (reflection questions ) o PR AR i RE AT (e 3 52 A [ ¥ S A DR B ) (-4 R =5
HIREST » BRAAE AR AR RTOVEEAE T - B0 - s (EE H R R 7 A M
(R AR A4 T AR LA R MR 2 PR S EIRE - B - T S (B R RE A R A g At Y R RE P T
FEDURE 2 ) SR 1A R RELAT: e A B2 A T 6 TR R g 1o =5 e 3 Y i & Y AR SRS s » B2
K PSS AR A RTRE ~ R (T (E RES i S sz eI (R 5 SE MR E (e = A
BT h S B YRR RS2 T RUE, - 4 = T FRIEAEMATEE 2 |~ T AR e R TR
(HPEREE ? | " AR BRES S (EAE R 7 o " IREEME R E BT EME RS 2, Mevarech Eil
Kramarski (1997 ) $5 H & 228 2 45| SRR B & e b R FETRENR - a0 Y R PR e B e ~ BALEE R, ~
[T REAS B AT ~ A Y S (R RIS A S D BRIV E PSR - m] DR AR E R - HHE
RS » L > AHTFEHIIR B0 A IR 2+ (95 Mevarech B Kramarski FY{& 30 A AR Y
kst - U EoR A BB G R - B ] 5 [ EER A 2R pr PR AR B 5SS B AH BRI
& HEPRE N E BB R R YRR B e RN o (BT u] DUB DRy $E S Bk FE R B 5 -

A~ SRRIERHTAE

Kalyuga (2009) 5275 @ sRAIE 2 —EihSe: - SO ERSHY SRR AT E SR8 .8
B - 35 Kalyuga » BRAH | - 15 1 2{ERS 58 I ASER T — LA R HSERIE R - (B EEE E 5
R AR ATERAIZ IR BN R - MEH - RRES - It - FEF L BIERANSAE
JE (actual cognitive resource ) TEERIFT TR EAYZEAIEE (required cognitive load ) “R[&E] » 54 »
SRRV R M S R E RS B AR [EI TR L0AE [E R0 0 B8 T RE 2 s Y - (B EG
kIR T RE P AR AR R BE — T R A ARG B - [NIEE - PRETERFI A HROR - R ARG
BEFENRE - [FEL SRR F PRI AR A T - TR R & BT R BRI A T
R AR B -
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BRI R L A E EBSSIA A TR L » BREEBIVHE » WAMHE - (E
% (secondary task ) FFfEISJE » A1 EERAVHIE - 400 B BB TR B Hedrds (Brinken, Plass,
& Leutner, 2003 ) » {H & BRI E B0 R G R AV S MEELEAIMERTE » BOERSMNAY 8 - £8
HYHIE PR AR A - AR H AR EER L &R (Kalyuga, 2009; van Gog & Paas,
2008) - PRI EEIHY B P S aP BV AT R E wHE AR RIS R E 0% - [EF BRI EET » X
TR Paas B van Merriénboer (1994) fEHHAVRIFI AR @ sz ads = ER0 R &Y
SPERT  EEEEEI O AR (mental load ) ~ 0357 (mental effort) FIELERI - 1248
HIRFSE R ARIR I S BUR s M A R RN S5 - RIHESERR A AN E AL —E
PRI B0 T R s M B fT TR FE AR (van Gog & Paas, 2008 ) » ¢ £ Bl Ry A B 1]
BAFRIRAIRA (5 - {5 Paas B van Merriénboer HYEEAIE AT - BRI S ETHY M E TR E BN
Z » AW5EEEE Kalyuga (2009) AYEmEL - 58 52 E 1 ASRAIERAVIR S 285 » B2 E
FEERIA T - H. Paas B van Merriénboer YA E el 484 HY.LES5 ) (mental effort) wTLLEL
EEER  — hEBMIIRGET A E SRR T RICEN LSS T B REEER
BEARIATNEZENE T » BB EFRZH AR - B 0 RSS2 E (AT R L
BELTIRERE (BER) BB EHEAENVIEER - HEENamEt AR RERZER
AIRRFIET » BV EERER AL » A ReHEE R EHEZE » MEEEEGHER
A Tg2HEEBNE VMEEMZ2EEHEE - BNAGmE A (2011) HEAAR &%
BRENASREE - BIEE - E0ERE - RABHEEKEFSEIEEE @ AEERE 28
REHOEES IR E - NEREE - BHREE TR LA AR - & CasEE
AU EIRES > & R EEE R MR AL RE oI A E A IELAIAR » N2 LEE
TRIVPRS] - (HFRETEEEEERANLEER - B2EO0EE - REE BV > FIbEE
O~ BRI S EMRERE - It AHATTER A I ERMURRHETHERE - WIS e
BHRA (% -

2 - IR

s A AR SR A B B - (& e st MRy B e IS Y AR - Hitt&
o] AR 5 F B LA R A R R AL - 2 ] DM EER B AR AR » (AL - AI5RER
BTN AR T EET ES58) - SRS RGREIN - e s B - EEERR
IREfEA o (HEEEEHNREE SR AR NS EE A FHIE A ZE - NI TiEREfhayR
oA A RE BLEE B HHIRE I AR AR - ERE & AT RERRAE T & ARSI RSB R
AR TR G B s - MRAE D& MIREZ IR AFHIGETT - MEUAREE 1T T
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FEE T REAIR - NIEARFEEREL -

Wgefie 1T TARsRpIE ) B T RET)  EEEMS EAREE > EEmE 4 TR
RoAlAE | Et T EIRAE o FERRE DA AR o (BAESE N AR B - QA EE T T
TEERBIiE=, ERERINAEE -

Wgefiee 2 T LIFEpIE, TRBEESAMEEHE A EREET) (5 (&) 24ANEE
IR AR A R R -

Woelias 2.1 « T 1&aead A I4H ) FYSREGRE 2 T HIRH ) -

Wgelies 2.2 © (RAE DB R E R & & i = RE SRRV ER EIR ]

MEFEEFRA A G 2 HA T BB R R SRR A ~ SRR RNV E - [NIILE
B SR AER B AT I B R R B g A 252 - NIEAbTFEfER

Wgefese 3 « T LIFspis=t ) B " RETy , AN S FEEREERPE > Athd
R R M AR IR BB B A R 2 2

Wt7efEs 3.1 - FEER BB N ERIERI S - RS ) HYBR RERAIR ISR (BIIE)
gah P HEH ) EEREENEERR R -

Wge i 3.2  EERE G BN BRI AR - ERe DR RFRAISEATEE (HE) g
FAMERETIA > (EAEERE A Bk AR B

W5k 3.3 + FEMIERPS B S AREA & fof BLAE & RIHY SRR & T TR AR A E TR -

FEA HTREAIE T - " Rakae g ) GRS > AmmiaEE . (REE - #8)
SRR THIRA ) o SmRE DB A R R A G R ERE TR -

WgefiEe 3.4 © FERIBRIE BN EHRE RIS T EN R T > T TIFspIEEst, f TRE L, &
AXENEM - @ DBy T RGP ) gRAEEESL > EEER (B - B0 &
AET) Gahs " HIRE ) R EBNE AR RGIAIMREZ > Fril TR ) B

= T REERAIA |

— ~ IAFEEET

RIAFELAE SR TE AT M TR GIRETE (55 - sl fiE) B @R E5E
TR (5 ~ R FEERE RS (TZRMER ~ ZEreR) ~ B2 EIG ] ~ BIEAIA e S A RE N
s B R AW R 2 (CLIF#EMIERD) x 2 (BEJ)) HTtessat -

TEAATEF - TAFEBEE Ry T 58— (B e i i A T2 B LAY BUR » B
FE AVOERE B Fy—rE4H (W LAFE AR R sk S ) - SURYE Mevarech B Kramarski (1997 )
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TEH YR SR A A - A TIEsa P AVRHSR L & (RISEA A sk egiarayit s ) o
AR SR RELEE - Pl - FoRg TS UIE - #REEEHEFN RGP ® - 575825
& TEEEE - WEHTIE U - REERRITPHERET - VB REERTEE? |
e 3 PRI T ERE ) Hel o BBBEEEE RS A E RS S S S i E R

& RIS H OO P ATTHSR AV E RSB ELE o SIRAH AR SR Sb R i i B PR A R Y
EE

" RES) ) BIE L 2l B B SRS — B e P B RS U RE D s 4H IS - $RAT 50%
Ry 74 0 1% 50% Ry(RsreH -
=~ iRRES

AT IER A2 s A Ry B Bl T B N LR AR U DEAR Y B2 > AR N BAEZ R R LA
S NS - AWTFUR LR EEBRERE S = AT > NELEER - A e E AR
MYIEAEE T 2 AN E - N2aUERE 4 8 - S8 4 IR AR AR PAYE
TE M R BRSO 2258 ~ BRI ECE AN - HER AR VUSRI E AR A B BURIE 4R DT -
I ERAE SR IR A _EE BB IR - SCABTIE IR SR 04 - MEREA RS - BRA S
BNEFIIERL > &L 86 AvAREEA - e R aicaR 1 -

1
AL A . ¥ g
ZHH[
4H 51 — _—
$HE4H 1BEERmIsH
& 20 23 43
BETJ .
= 20 23 43
4EE 40 46 86
= -WBRIR

AW TREREPTIUEP KBS (AR His - B8P mR S et -
BERETE (SRS - KaBAIAFER (ZHAR) - U HER -

(—) P R RS (4A) A8

FER A 2K S B BB S B DL R SO 5 R B 5 a1 2
5 AT B R R R N AT R — AR AIER © EAT SR
SRR - REEAENSS  NEEE L HTREEAHARS - (IS
BOTIIAIR 2 BRI - S 3 FRTER AT A E R -
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HEBEPEETR 4. S8R A ZEREHCK TR A - HESERREE 5. K
[ ;6. FEF SRR LR o HEIERSE s NI HEBRAS - S4B 2K B EH
#2100~ LT ATt 8 (D4R ~ 229 SN FARERAE o SIS R TR AT
AR E TR RN IR & AR IS S U SE SRR  DUPRES TAFs B il A& aeag M
RS [E% > EAHMSREEESEEER -

(Z) SEBHRENETELN

AREBFERANEM NS - GHIZBE T RE 97 AT A 2 T UE— B eI TEAE 1115
f © S-2-03 e AR I HEA P THURE S  S-2-05 REZMBIR(E - SURRA BB Ay IEE - K S-3-06

REEAVIEIEM - HE = - TSP B AER A (N-3-22) ZREUE - ZFAER

RIBEREHE S - UHBRER - A EHEER > IR EER - RBEE
RIBBEAE N FERET L EBREEE) > BE - EE (A0~ JEIRE (AL) - Zaas (A2) -
N (A3)~ GE (A4) KR (AS) 55 » AREMFHY AO HHERVRE IRy S-2-03 k¢ S-2-05
FESRUAZNS FVUFRAYAZ - AL 22 AS HHERIRETIFEIE Ry S-3-06 » TESARAE NS By TLAFERHY
WNE » AEERRAS R BT A E - BARIFRR 25 - B TR LR N2
AT TR ] Ry TLAEaR BRI - T DU AR RV S EHHAIER N A -

AWTEHE Ll BN E R ER S R fRIZAEE B IR R m s = (E B TR
2> SEITTNENAEEEREENR 2 -

=2
SEBRBM BTN R ER
Bt BN FEEEIE
Bit—  A0EHE 1 BEHETWESRE G OHER
2. REHIETWH B4R A G AT
3. RESE BRI MRl H BIE H AR T HHYE AR
4. REE A E H AR H B EAR-PATHISS —H AR
Bt ALRIRE 1. mels P TIUEIP RIS
A2 a5 2. REFRIHATIUB PR S
3. R EEREENS
Hit= A3ARE 1. R VISR AT IUE P AR 250
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The aim of this study is to explore, in a dynamic geometry environment (DGE), the operation models of the
geometric thinking of college students. To achieve this, we conducted a case study. We recorded the process of
geometry exploration activities by math-major college students, interviewed them, and interpreted their operation
models of thinking through a qualitative analysis. The results are summarized as follows: (1) When students
observe the dynamic representations generated by dynamic geometry software (DGS), they seldom react
immediately, and instead engage in geometric thinking before they carry out appropriate dragging. (2) The
apparent actions and intrinsic mathematical properties of dynamic representations tend to inspire students’
conjectures. Students then mentally manipulate mathematical objects and analyze possible dynamic behaviors to
confirm their conjectures. Finally, they are able to produce a declaration. This process is a basic model for
geometric thinking. (3) Students manipulate mathematical objects mentally based on the complexity of operation,
and then decide whether to use a DGS-specific claim or conjecture in geometric thinking. (4) Students explore
geometry properties in DGE under the constant interactions between geometry experiments and geometric

thinking.
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In this paper we discuss an HPM approach that may enhance in-service teachers’ mathematics content knowledge
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texts in mathematics, and ask them to write reports on their reflections. The historical texts consisted of four proofs
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I. Introduction

Approximately three decades ago, some educators and historians of mathematics began to
explore the possible uses and effects of history in mathematics education at the primary, secondary and
tertiary levels. International collaborations have been formed to investigate related topics, and many
educators have come to believe that history plays a valuable role in mathematics teaching and learning
(Fauvel & van Maanen, 2000). Recently, additional empirical studies have been conducted and
positive results have been obtained regarding applying history in mathematics teaching and learning,
about topics such as arithmetic, algebra, geometry, and calculus for students of various levels (Katz &
Tzanakis, 2011; Liu, 2009). It would seem that more and more efforts have been exerted in the
investigation and application of history in mathematics education.

However, if applying history in mathematics education is in fact a worthwhile cause, more
mathematics teachers, both pre-service and in-service, should be provided some training in the history
of mathematics and its applications in teaching and learning. Educators in Norway, the United States,
and the United Kingdom have been trying to do exactly this in their respective countries (Katz &
Tzanakis, 2011). In Taiwan, courses on the history of mathematics are provided in several teacher
training institutions, some of which also engage in research projects that try to provide qualitative or
quantitative evidence on applying history in teaching or teacher training. The study described in this
paper was conducted in this context, discussing an approach for enhancing in-service mathematics

teachers’ professional knowledge in a graduate-level course.

Il. Literature Survey and Rationale

In 1987, Lee S. Shulman first proposed the concept of pedagogical content knowledge (PCK), as
a model for describing how teachers acquire new understandings of the content that they teach, and
how these new understandings influence their teaching. He believed that PCK includes “an
understanding of how particular topics, problems, or issues are organised, presented, and adapted to
the diverse interests and abilities of learners, and presented for instruction” (Shulman, 1987). A trend
of research in related fields was started, especially research that involved describing and classifying
the professional knowledge of teachers. Veal and MaKinster (1999) reported that numerous
researchers have listed attributes or components of PCK and observed similarities in these PCK

taxonomies. The three most important and recurring characteristics in the taxonomies are knowledge
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of students, knowledge of content, and knowledge of instructional strategies. However, researchers
have not illustrated the relationships among the attributes. Veal and MaKinster then presented a
hierarchical taxonomy of PCK attributes: the base level is content knowledge, the middle level is
knowledge of students, and the top level is knowledge of instructional strategies. The three levels are
embedded into one another. The top level is further subdivided into eight interconnecting attributes —
context, environment, nature of science, assessment, pedagogy, curriculum, socioculturalism, and
classroom management. Veal and MaKinster stressed that the development of those attributes does not
need to be linear. Among the three levels, a lower level has more significance than a higher level,
implying that having an extensive base of content knowledge is a necessary (but not sufficient)
condition for a teacher’s well-developed PCK.

The research on Pedagogical Content Knowledge also extends to studies on reading and writing.
Discussions in literature about reading, writing, and argumentation mostly focus on the influence of
reading and writing on students’ concept learning or how, through the process of reading and writing,
teachers understand students’ thinking and learning of concepts. In fact, these discussions have to
assume that teachers have a sound grasp of necessary content knowledge and PCK. For instance,
“when a text involves propositions and proofs, it conveys the necessary logical relations between
concepts; that the same concept may have different statuses (hypothesis, conclusion, lemma, or
corollary), that different proof strategies imply distinct mathematical thinking..., are all features we
have to consider when analysing texts of proofs” (Yang, 2004). This may adequately explain that in
guiding text reading and writing, a teacher’s knowledge about the text has to include a well-integrated
system of content knowledge and knowledge of other related representations, so that teaching can
meet the need of teaching goals and that of students’ learning. The consideration responds to the idea
of the importance of enhancing teachers’ content knowledge and PCK.

Fan (2003) believed that teachers’ self-improvement of professional knowledge relies primarily
on reflections after teaching and interactions among colleagues; the significance of textbooks is only
to the next. But let us recall the term coined by Felix Klein: “double-forgetting” — first forgetting
school mathematics on going to college and then having to forget higher mathematics on going back to
school as a teacher (Freudenthal, 1973). Thus, teachers’ basis for reflection, beside interactions with
colleagues, is ironically only at-hand textbooks. However, different versions of textbooks in Taiwan
do not have salient content distinctions due to market considerations. Sometimes the explanations are

even identical. Therefore, reading textbooks published by different publishers can seldom help
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teachers reflect on their teaching. The help current textbooks and teachers’ handbooks can bring to
their self-improvement is in fact minimal.

The difficulty mentioned in the previous paragraph may be coped with through reading historical
mathematics texts. The study of an historical text, which is closely related to exploring the genesis or
evolution of a mathematical concept, usually reveals aspects that cannot be found in the modern and
refined definitions of the concept. From a teacher’s point of view, this broader understanding offers
ideas for creating new didactic situations, or even helps the teacher foresee some of his or her students’
difficulties and errors when they struggle to grasp the meaning of the concept’s modern definition
(Thomaidis, 2005). Therefore, following the trends in studying the relations between history and
pedagogy of mathematics (HPM) and the applications of history in mathematics education, we shall
point out that the growth of teachers’ PCK can benefit from reading historical mathematics texts, that
is, an HPM approach. Recent studies have suggested that courses in the history of mathematics in
teacher training programmes might serve to improve the mathematical content knowledge as well as
the PCK of pre-service primary school mathematics teachers and pre-service secondary school
mathematics teachers (Clark, 2011; Smestad, 2011). For pre-service secondary school mathematics
teachers, in particular, an HPM course could help, to a certain extent, pre-service teachers construct
coherent curricula and motivate them to develop their own material (Clark, 2011; Tzanakis & Arcavi,
2000). From the literature mentioned in this paragraph, we can see that there have been some studies
which show that reading historical sources may help teachers explore the evolution of mathematical
concepts, foresee students’ difficulties, or construct coherent lesson plans. Therefore, from a didactic
point of view, the HPM approach benefits several aspects of a teacher’s PCK.

However, most of the research on the application of history in mathematics teacher training
addressed pre-service teachers. For in-service mathematics teachers, whom Fan and Freudenthal were
concerned about in their writings, there seem to be very few studies related to enhancing their
professional knowledge with an HPM approach. This rationale naturally led to our research question:

How does the study of the history of mathematics impact the mathematical and pedagogical
content knowledge of in-service mathematics teachers?

In this paper, we shall illustrate a qualitative case study on a reading unit in a graduate-level

course on the history of mathematics in which in-service mathematics teachers participated.
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I11. Methodology

1. Research setting

This case study was conducted in a graduate-level course on the history of mathematics taught in
a recent year in the department of mathematics in one of the universities in Taiwan that has a long
history of teacher training, and the participants in the course provided consent. The specific task
(reading and reflecting on four proofs of Heron’s Formula, see below) was given to the participants in
a “seminar” that lasted four weeks, with three hours of reading, reflecting, and discussing in each
week. Prior to the “seminar”, historical texts were assigned to different members in the course to
study. And then they presented the contents to the members in the seminar, and others would comment
on those proofs and then write reflections. The written reports of their free reflections were then
collected and analysed by the researchers according to the model of Veal and MaKinster, and the
reflections were used as data in this study.

The sample in this study comprised four in-service high school mathematics teachers
participating in this course. We shall refer to them with pseudonyms that are Romanisations of letters
in the Greek alphabet: Alpha, Beta, Gamma and Delta. Their backgrounds and prior exposure to the
history of mathematics are described as follows.

Teacher Alpha has a bachelor’s degree in mathematics from a Normal University, and a master’s
degree in teaching (245 1) from the same university. He had taken courses about the history of
mathematics at both the undergraduate and graduate levels. At the time of this study, he had already
had nine years of combined teaching experience in a public junior school and a public senior high
school in Yilan County.

Teacher Beta has a bachelor’s degree in mathematics from a comprehensive university, and a
master’s degree in teaching (Z7221E+) from a Normal University. He had taken a course about the
history of mathematics only in the graduate level. At the time of this study, he had already had 10
years of combined teaching experience at a private senior high school, a public junior high school and
a public senior high school in Taoyuan County.

Teacher Gamma has a bachelor’s degree and a master’s degree, both of which in mathematics
from a Normal University. She had studied the history of mathematics at both the undergraduate and
graduate levels. She used to work as a teaching assistant for three years in her alma mater before she
became a school-teacher, and at the time of this study, she had already had twelve years of combined

teaching experience as a teaching assistant in a university, and as a teacher at a public junior high
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school and, subsequently, at a public senior high school in Taipei City.

Teacher Delta has a bachelor’s degree in mathematics from a Normal University, and a master’s
degree in teaching (Z{Z2hE+:) from the same university. He had taken courses about the history of
mathematics in both the undergraduate and graduate levels. At the time of this study, he had already
had nine years of teaching experience, at both the junior and senior levels, in a comprehensive high
school in Taipei County (currently New Taipei City).

As the reader can see, the four teachers hold degrees from different universities and have different
backgrounds. The locations of the schools at which they have taught range from urban areas to rural
towns in Taiwan. The lengths of their teaching experiences differ, but they are not novice teachers.
They were all more or less exposed to the history of mathematics when they were studying in
undergraduate or graduate levels.

Since both authors of this paper have experience in studying texts with these teachers, we decided
to conduct “participant observation”, letting one of the authors, also a high school mathematics
teacher, join the process of text-reading and reflection.

Participant observation is a methodology appropriate for studies of aspects of human existence; it
is especially appropriate for exploratory studies and descriptive studies. In educational settings, this
methodology has been used in observation of teaching and learning in levels ranging from pre-school
to university (Jorgensen, 1989). In studies of mathematics education, it has been shown that the
methodology is particularly helpful when exploring mathematical thinking (Carraher, Carraher, &
Schliemann, 1985). Since this study explored mathematics teachers’ changes in their professional
knowledge through their reflections, a participant observing in their in-class discussions would help
identify meaningful reflections after the class. One of the limits of participant observation is that the
participant rarely remains uninvolved with those being observed (Jorgensen, 1989). In this study, since
the participating researcher also, in a few inevitable cases, contributed in the class discussions, the
non-participating researcher could serve as an “objective” reader of the teachers’ reflections when they
were analysed by both researchers. In other words, those teachers’ reflections were analysed by the
participating author and the non-participating one to seek trustworthiness through triangulation.

In the following subsection, we introduce the central mathematical content that was studied by

the teachers — four proofs of Heron’s Formula.

2. The task — Reading proofs of Heron’s Formula

The task given to the teachers was to read four different proofs for Heron’s Formula. The famous
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formula is typically expressed in its modern form:

triangle area = \/s(s —a)(s—b)(s—c),

where a, b, and c are three sides of the triangle in question, and s is half of the sum of the lengths of its
three sides. In chronological order, the four proofs given to the teachers were the classical proof by
Heron in his work Metrica (first century A.D.) in the form of its English translation, a proof by Mei
Wending f3C % (1633~1721 A.D.) in his book - =f5%2% (Elements of Planar Trigonometry,
middle of the 18th century) in the original form in classical Chinese, a proof by Li Shanlan ZE=f
(1811~1882 A.D.) in his book KEEf (Some Questions about Astronomy and Mathematics, 1867
A.D.) also in the original form in classical Chinese, and finally the proof in the text book Elements of
Plane and Spherical Trigonometry (1859 A.D.) by Elias Loomis (1811~1889 A.D.) in modern
American English.

But why Heron’s Formula? Why did the lecturer of this course wanted to use this topic to
improve in-service teachers’ professional knowledge?

The first reason is about its dual nature. Heron’s Formula is used to calculate the area of a
geometrical figure, while modern textbooks use algebraic methods to demonstrate its validity. This
dual nature suggests a possible link between geometric and algebraic representations of the same
mathematical concepts. Therefore, it is an appropriate tool for surveying learners’ and teachers’ ability
to reflect upon different forms of representations. In preparation of this course and the study, the
lecturer and the two authors of this paper noticed that, after Heron’s Formula was introduced to China
by missionaries in the 1600s, several different proofs were developed in the following centuries, and
the strategies of proving transformed from geometric to algebraic approaches, and eventually became
what we see in high school textbooks today, which is a paradigmatic example for students to practise
Laws of Sine and Cosine. In the same centuries, from the 1600s to the 1900s, representations of
“trigonometry” were also transformed from the forms of Euclidean geometry to those of symbolic
algebra. As can be seen, the different representations in those proofs are suitable for stimulating the
teachers’ reflections.

The second reason is an extension of the first one. For the in-service teachers and other students
taking that graduate-level course in history of mathematics, reading historical proofs was an
opportunity for them to have indirect “dialogues” with great mathematicians in the past, and in the
process, they could form their own interpretations, free themselves from the limit of modern textbooks,

compare the differences between geometric and algebraic strategies of proving, and understand the
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evolution and accumulation of mathematical knowledge. From a research point of view, this means
that, with those different proofs in mind, the teachers might reflect upon students’ possible difficulties
or misconceptions when they encounter modern definitions of concepts and proofs of propositions
about those concepts. In addition, the researchers would have an opportunity to check whether the
teachers had had enough grasp of the mathematical knowledge and students’ learning.

The third reason is related to the value of “vertical integration”. The investigation of area and
volume is always an issue for ancient mathematicians due to its relevance to the real world, so related
topics are seldom excluded from a course about the history of mathematics. Triangle formulae, in
particular, are related to mathematical contents studied at the elementary to senior high school levels.
Heron’s Formula, as well as its various proofs, may remind the teachers of how area formulae are
demonstrated at the primary, secondary and tertiary levels. As can be seen from proofs listed below,
they make use of concepts from elementary school mathematics (such as simple arithmetic and area
formulae), junior high school mathematics (such as Euclidean propositions and arithmetic of
proportions) and senior high school mathematics (such as algebraic manipulations and trigonometry).
The teachers would be reminded, or taught, how lower-level mathematical concepts can be used to
solve higher-level problems, and how they should connect those mathematical concepts from different
levels for their students. That is what we mean by “vertical integration” in both the content and
pedagogical knowledge of different levels of school mathematics. To sum up, it is the very
transformation of proving strategies and representations, the possibilities to foresee students’
difficulties from past proofs, and the value of vertical integration, that caused the lecturer and the
researchers to use the proofs of Heron’s Formula as a tool to investigate how reading ancient
mathematical texts might improve teachers’ content knowledge about the formula itself, and in turn
stimulate the enhancement of their PCK.

In what follows we present outlines of the four proofs for Heron’s formula. The English
translation of Heron’s original proof is quoted from Fauvel and Gray (1987), while the other three

proofs presented below are the authors’ own interpretation.

(a) Heron’s proof

In his Metrica, Heron discussed the methods to find the area of a triangle with the lengths of three
given sides. He gave two ways: “[n]ow it is possible to find the area of the triangle by drawing one
perpendicular and calculating its magnitude, but let it be required to calculate the area without the

perpendicular” (Fauvel & Gray, 1987), which means, Heron intended to find the area under such a
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limitation. His proof was geometrical. See Figure 1. Let BC =a, AC =b, and AB =c. Then it can be

shown that AE=AF=s—a, BF=BD=s-b, CE=CD=s-c, and s=(s—a)+(s—b)+(s—c),

(a+b+c) (a+b+c)

where s= . Heron already knew that the area of AABC was xr=sr,wherer

is the radius of the inscribed circle. So all he had to do was to replace r. His method was to extend
2 — —
& _ (s b)gs C) he
s(s—a) r
obtained s’r’> =s(s—a)(s—b)(s—c), and the proof was complete. Since he wanted to show the

CH =s-a, so that BH =s. Once he derived the proportional equality

equality geometrically, he needed similar triangles. He chose AAElI and ABCL, and he showed
their similarity by demonstrating that quadrilateral BICL can be inscribed in a circle, so its opposite
angles were supplements to each other. Using the similarity, he obtained the proportions
BC:CL=AE:ElI=CH:DI (AE=CH,EI=DI). Then he used properties of proportions to replace
the segments, and he could successfully prove that equality and, finally, the formula. In his proving
process, Heron actually made use of many propositions from Euclid’s Elements (such as the triangle

area formula “sr” and properties of similar triangles), thus demonstrating the applicability of

Euclidean geometry.

(b) Mei Wending’s proof

Mei Wending’s proof was not his original idea. According to our investigation, the proof was
presented in the JHl&E 2% (Complete Explanation of Measurements) written by the Jesuit missionary
Giacomo Rho (Mei, nd/1993; Rho, 1631/2000) in classical Chinese in the middle of the seventeenth
century, but the proof contained a small flaw. Mei corrected it and included the proposition in his -
=25 This proof begins with the same way as does Heron’s proof. As shown in Figure 2, he first

extended CH =s—a, sothat BH =s. Unlike Heron, however, the proportional equality Mei wanted
s—b r

was =
S (s—a)(s—c)

, and the similar triangles to obtain that equality were ABID and ABGH .

Once he showed the similarity between the two triangles, he obtained BD:BH =ID:GH =
ID”:(GH x D). From ACGH 2 AICD , he then replaced GH x 1D with CH xCD , and the proof

was complete.
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A
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H CP D B
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Figure 1 Diagram for Heron’s proof of his Figure 2 Areproduction of Mei Wending’s
formula for determining the area of a triangle. diagram for his proof of Heron’s Formula.

(c) Li Shanlan’s proof
Li Shanlan’s proof can be found in his K& =" (Li, 1867/2002). With three pairs of questions
and answers, he justified (s—a)(s—b)(s—c)=sr’. The formula followed from multiplying s and

taking square roots on both sides.

As in Figure 3, let AE=AF =s—a, BF=BD=s-b, and CE=CD=s—c. Surprisingly, Li
first constructed a height AH =h, and showed the proportional equality CD:(AC +CH)=
BD:(AB+BH)=r:h. Therefore, — 2 , B8P _

2 PR _
il r_z Besides, h2=cz—BH2=b2—CH2, e
b+CH c+BH h

(c—BH)(c+BH)=(b—CH)(b+CH) . Applying the fact S*BH b+CH _ s

bl , he obtained
b-CH c¢-BH s-a

, and the proof was complete.

(s—b)(s-c) BD-CD (b+CH)(c+BH) c+BH s
r2 r? (b+CH)(b—CH) b-CH s-a

(d) The proof in Elias Loomis’s Elements of Plane and Spherical Trigonometry

The Elements of Plane and Spherical Trigonometry (Loomis, 1859) was widely used in the
United States in the nineteenth century, and was also translated into Chinese and used in schools
founded by Christian missionaries in China (Li, 2005). See Figure 4. The proof involves applying a
Euclidean proposition (AC* = AB” + BC' — 2BC x BH ) from another text book by Loomis: the Elements

of Geometry, Conic Sections, and Plane Trigonometry. Using this proposition, he obtained
— ¢’+a’-b’?

2 2 2\2 2.2 2 2 2\2
BH =S "D andthen AR = AB _BH =c- (& FA ZP) _4aC —(C +a D) 11 greq of
2a 4a° 4a’
AABC is BszAH :%\/431202 —(c*+a’-b%? , which was then simplified using algebraic

manipulations to +/s(s —a)(s—b)(s—c) , where s_(atb+c)
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Figure 3 Areproduction of Li Shanlan’s Figure 4 Diagram for Elias Loomis’s proof of
diagram in his KEE . Heron’s Formula.

IV. Data Analysis and Findings

With the collected reflections written by those teachers, we can now explain why reading ancient
mathematical texts might enhance teachers’ content knowledge and PCK, according to Veal and
MaKinster’s taxonomy. The reflections were originally written in Chinese. Quotations were translated
into English by the authors from the teachers’ reflections. As mentioned earlier, the teachers’
reflections were analysed by the participating author and the non-participating one to seek
trustworthiness through triangulation. Therefore, the excerpts of the reflections quoted in this section
objectively represent to a certain extent the changes of the teachers. In what follows we list our
findings about the teachers’ enhancements and provide excerpts of the teachers’ reflections as the

evidence in our analysis.

1. Enhancements of mathematical knowledge and the connection between content
knowledge and socioculturalism
From the previous section, we know that Heron’s Formula was first proposed in an historical
scene due to the need for solving real-world problems, and geometrical representations were used in
early proofs. Those proofs expanded the teachers’ understanding of the mathematical content

knowledge on Heron’s Formula. Teachers Alpha wrote,

[Wlhen 1 first saw Heron'’s original proof, on the one hand, | was alerted to the scant
knowledge | had; on the other hand, | had a sudden realisation, because it was only natural
that Heron's idea came from geometrical concepts and figures...[H]ardly any textbook

version mentions Heron’s original proof.
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Veal and MaKinster’s terminology can be applied in describing the change in Teacher Alpha’s
professional knowledge. First, the teacher’s mathematical knowledge was improved for he learned
how to prove Heron’s formula with Euclidean geometry. Second, the connection between content
knowledge and the knowledge of context and socioculturalism were enhanced. The reason we say this
is that Teacher Alpha realised he had actually known that, in Hellenistic Alexandria, where Heron
worked, there was no symbolic algebra (because it was invented in the eighteenth century), and all
geometrical propositions were proved with Euclid’s approach and Aristotelian logic. Teacher Alpha

linked the mathematical content and socioculturalism in history.

2. Enhancements of the awareness to different representations and structures of proofs
We also observed that all the teachers, except Teacher Beta, mentioned that they noticed the

different representations — geometrical and algebraic — used in the texts. The same three teachers also

reflected on how they might be able to use the characteristics and differences among the proofs in

lessons, thus enriching their teaching repertoire. For instances, Teacher Gamma wrote:

[Heron’s and Mei’s proofs] had the same basic strategy: first they used the inscribed circle to
obtain the area of the triangle, and then they used proportions to obtain the relationships
between rs and segments s, s-a, s-b, and s-c. Both proofs have only one inconvenience in
teaching; namely, because we cannot see the role a ‘height’ plays, teachers cannot link
‘1/2 x base x height’' to Heron’s Formula. For this problem, Li Shanlan’s proof provides a

solution.

This excerpt provides evidence that the teachers’ content knowledge on the structures of the proofs

was enhanced.

3. Enhancements of the connection between the teachers’ content knowledge and
assessment.

Assessment is another attribute that is connected to content knowledge. Teacher Delta stated that:

[U]sing Pythagorean Theorem to prove Heron's Formula may be able to prevent students

from perceiving that Heron’s Formula is merely a procedural knowledge.

Teacher Gamma also wrote in another place about the aspect of assessment:
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Knowing the geometrical counterparts of s, s-a, s-b and s-c [...] helps in problem-solving,

such as in solving the [following] problem [that was used in an exam]: ‘Given AABC, AB= 4,

BC =5, and CA= 6. Its inscribed circle touches three sides at points D, E, and F. If the area

of AAEF and ABDF are x and y, respectively, then x:y =7’

These reflections, in Veal and MaKinster’s terms, can be considered as improvements of the
connection between content knowledge and assessment, because, after reading Heron’s proof, Teacher
Gamma could see the help students might receive from those proofs, and she could identify the link

between the proofs and assessments of students” knowledge about a triangle and its inscribed circle.

4. Enhancements of the connection between content knowledge and pedagogy
Another enhancement, the connection between content knowledge and pedagogy, can be

observed in Teacher Beta’s reflection on Li Shanlan’s proof:

Li Shanlan seemed to narrate [his proof] from the end, using ‘reverse reasoning’ and
‘transitional objects’...This seems to be different from proving strategies in modern texts. In
them, solutions of a problem often begin with the ‘givens’, and then through several
‘transitional objects’ [that are found or created], the problem is solved. But they never explain
why those transitional objects are necessary. By contrast, Li Shanlan’s proof began with the
‘result’, and then investigates what ‘transitional objects’ were necessary to achieve this
result; therefore, he created and proved them. This is why he arrived at this form of solution
strategy, which is actually closer to students’ natural learning curve...[Li Shanlan’s proof]
looks like Confucius’ Analects, in which the questions and answers between the master and

the pupils are used to elaborate and solve problems.

As the reader can see, in this excerpt, Teacher Beta mentions the connection between content
knowledge and pedagogy, since he compared the teaching strategies among modern textbooks, Li

Shanlan’s proof and the Analects.

5. Enhancements of the awareness to students’ possible difficulties and its connection
with content knowledge

The excerpt of the reflection in the previous subsection also addresses how students’ problems

can be solved after the teacher recognises them. Teacher Delta, too, mentioned how he recognised

students’ difficulties after reading those proofs:
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[T]he proofs of Heron’s formula...are not so natural, in both the past and the present,
because whatever method you use, they are all very tricky. Heron’s original proof and Mei
Wending’'s proof require using the radius of the inscribed circle, and you even have to
construct very specific lines to fit the requirement...Although Li Shanlan used proportions,
he still needed the inscribed circle. And for those who do not know proportional line

segments that well, it is difficult to understand Li Shanlan’s proof at first glance.

Thus, reading historical proofs also help teachers understand students’ difficulties, because the
teachers encountered the same difficulties. Therefore, we can see there is an enhancement of the

knowledge of students, and its connection with content knowledge.

6. Enhancements of the connections between content knowledge and curricula
In addition, the implicit connection between geometrical and algebraic representations also
helped the teachers consider the knowledge context and different strategies for arranging teaching

material. Teacher Delta said,

In the context of senior high school mathematics, it is very natural to verify Heron’s Formula
with Laws of Sine and Cosine, and we can conveniently check how well students learned
the two Laws. If we leave this context, then it is not easy for students to deduce Heron'’s

Formula naturally.
He also noticed the limitation of presenting the formula in this way:

It seems to be a conclusion for Laws of Sine and Cosine, with no further room for

development.

Clearly the connections between the knowledge of context and curricula were enhanced, since Teacher
Delta could compare the historical proofs with those in modern textbooks, and realised not only why
the author of textbooks present this formula in the context of trigonometry, but also that the textbook
proof has no other development, suggesting that using historical proofs might introduced more

relevant mathematical concepts in the curriculum.

7. Enhancements of the connections among content knowledge, pedagogy, and curricula
Further understanding of the content knowledge on Heron’s Formula enabled the teachers to
discover that it can be used as a bridge between the trigonometry contents in junior and senior high

school levels, and Teacher Gamma even developed a feasible design for teaching materials. Teacher
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Gamma stated that in Taiwan, the basic area formulae of triangles and rectangles taught in elementary
school mathematics, the Euclidean propositions about triangles taught in junior high school
mathematics, and trigonometry taught in senior high school, are taught separately with very few
connections among them. Geometrical proofs of Heron’s formula, if taught in the senior high school
level, could serve as a bridge linking contents in the elementary and junior high school levels (such as
1/2 x base x height, triangle congruence properties, similar shapes, inscribed circles and so on) to
senior high school mathematics. Those proofs in turn will help students understand the nature and
value of the algebraic Laws of Sine and Cosine in a geometrical manner. Finally, through the learning
process, all triangle area formulae could be summarised with trigonometry. This shows the teacher’s
professional growth through this HPM approach, as well as the connections among content knowledge,
pedagogy and curricula. According to Veal and MaKinster’s model, these connections are vertical
connections among attributes, as are several other enhancements described in the previous subsections.

According to the analysis of teachers’ reflections, the reading of historical texts of mathematics
can improve teachers’ comprehension of the mathematical content knowledge in Heron’s Formula,
complementing current textbooks. Those proofs deepened the teachers’ understanding of triangle area
and its formulae, so they could extend their teaching material for geometry. Furthermore, they felt the
convenience of algebraic methods compared to geometrical representations, which shows that they

became more perceptive to the panorama of the structural context of the mathematics curriculum.

V. Concluding Remarks

All the findings echoed three special effects of integrating history in mathematics, which are
brought to our attention by Jahnke (2000): the first is replacement — it allows mathematics to be seen
as an intellectual activity, rather than as just a corpus of knowledge or a set of techniques; the second
is reorientation — it reminds us that mathematical concepts were invented and that this did not happen
all by itself; the third is cultural understanding — it invites us to place the development of mathematics
in the scientific and technological context in a particular time of certain societies.

Returning to Veal and MaKinster’s PCK model, we believe that the two scholars proposed a
valuable model but did not explain how those attributes of PCK influenced on or were connected to
one another. Our study indicated that, by reading mathematical texts, the in-service teachers came to
understand the genesis of Heron’s Formula and the evolution of its proofs, realising the respective

virtues and difficulties of geometrical and algebraic representations. In addition, the teachers’
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reflections revealed that the teachers became more knowledgeable of difficulties that might arise when
teaching Heron’s Formula and related concepts. As for the vertical connections between their
mathematics content knowledge and the top-level attributes of their PCK, we can see that in several
occasions in their reflections, they demonstrated that their content knowledge on Heron’s Formula and
its proofs connected with the attributes of context, assessment, pedagogy, curricula, and
socioculturalism. Besides, we also see that the horizontal links among the five attributes were
strengthened. In other words, an in-service teacher’s mathematical content knowledge and PCK might
both be enhanced with an HPM approach. This finding is consistent with the results of Smestad (2011)
and Clark (2011) regarding pre-service teachers. We believe that this case study serves as a beginning
of a direction in research exploring more methods for enhancing the professional knowledge of
in-service teachers by using an HPM approach.

A final remark is about the correlation between a teacher’s PCK and her maturity of the
knowledge related to HPM. Although Veal and MaKinster mentioned that for the attributes of their
PCK model, the usefulness, impact, and understanding would not be fully realised or integrated until a
teacher has acquired several years of classroom experience (Veal & MaKinster, 1999), teaching
experiences and seniority do not hold a salient position in the model. However, in this study we did
observe that a teacher’s PCK and her maturity of the knowledge related to HPM may be positively
correlated. The four high school teachers have at least nine years of experience; thus, none of them
were novices, and they easily understood the mathematical knowledge in the proofs. However, their
reflections differed. Teacher Gamma, who had the longest experience in teaching and self-learning
with an HPM approach, generated more ideas on how Heron’s Formula is placed in the mathematical
structure of the concept of the area and in the curricular structure in current high school textbooks than
other teachers did. She also elaborated more on how it could be used in her own teaching, showing
more relevance in PCK. By contrast, the other three teachers, who had less experience in self-learning
and applying historical ideas in mathematics teaching, did not have as many opinions on how
historical proofs could be utilised in teaching or curricular designs. It would seem that a teacher’s PCK
and his or her maturity in HPM (i.e., experience in learning and using historical texts and concepts in
mathematics teaching and learning) are positively correlated. This study provides evidence of
enhancements of PCK through an HPM approach, so a teacher with more experience in teaching and
self-learning with historical material may have improved his or her PCK in the same time. Further

studies can be conducted on this topic.
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