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Analyzing Representation Transformation and
Equivalence Abilities across Students in Grades Three to
Eight in Mathematical Word Problems

Yi-Ching Chiu? Chien-Ming Cheng? Chao-Jung Wu®3
! Department of Educational Psychology and Counseling, National Taiwan Normal University
2 Research Center for Testing and Assessment, National Academy for Educational Research
3 Institute for Research Excellence in Learning Science, National Taiwan Normal University

Algebraic thinking involves generalizing arithmetic principles and focusing on the relationships between
quantities or variables. Mastering the concept of equivalence is a key step in transitioning from
arithmetic to algebra. Mathematical word problems provide a semantic context and aid in developing
equivalence. To investigate the development of mathematical equivalence from elementary to junior
high school, the study devised sets of multiple true or false questions based on mathematical word
problems and recruited 2,677 students spanning grades three to eight. Based on the cognitive abilities
of representation transformation and equivalence ability, students were divided into three groups. The
cognitive diagnostic model (CDM) was used to examine the percentages of three ability types within
grades three to eight: difficulties, single representations, and multiple representations. The item response
theory (IRT) was used to estimate the students' ability levels and discern variances across these three
types of abilities for students in grades three to eight. The results showed that as students progressed
through higher grade levels, the percentage of those difficult students decreased, while the percentages
of students with single representation and multiple representation increased. It was observed that a
considerable percentage of elementary students, ranging from 20% to 60%, exhibited proficiency in
handling multiple representations, indicating that primary algebraic thinking could be nurtured at the
primary school level. However, only about 40% of junior high school students demonstrated competency
in multiple representations. In terms of ability levels, difficult students manifested the lowest values,
followed by those with single representations; students with multiple representations displayed the
highest values. Additionally, the growth of algebraic proficiency among difficult students lagged behind.
Students with single representations showed noticeable improvement with increasing grade levels, while
those with multiple representations exhibited more significant growth, indicating that equivalence
abilities display multilevel characteristics depending on the mathematical content integrated into the
equations. Furthermore, this study elucidated the research methodology that combines CDM and IRT to
delineate long-term developmental abilities and discussed their potential optimization.
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L S AR EERE ((Algebra for all ) FNIEgRFZEE A0S —FIRHEEERIE ( gatekeeper course )
( College Board, 2000; No Child Left Behind Act of 2001, 2002 ) - {LEA H & h BB =58y
BHERE - 2R LI EZORAYEES) (Dominaetal., 2015) - FHEAEERERAZER L BiAlT ~ FF
REIPE B2 B - TR B Bl Ry B T R AR SR B A T TR B2 T P B 2 i B R (B
B RS BRIV EE > (M sikERENEY » KIE ERAE A T/ NER - P FELRE
KBB4 (Cai & Knuth, 2005; Kieran, 2004a, 2022 ) ; Bt 3 F /N ~ hipEgR s g
LA T i N REGERAE - Mg e iz aYEEE S (Blanton et al., 2015; Radford, 2018 ) ©

sl am CEUE4E (algebraic thinking ) WY fe HLEL R i 4 (arithmetic thinking ) 2 7%
R LA EN EiR HESHEEREHEFRERNER  CHEBEEFEM(equivalence )
ERE$#EEE 7722 — (Knuth et al., 2008; Knuth et al., 2005; Kieran, 2004a, 2004b ) o #E&f & 4 3%
ERIFSEEE IRt A= > Ehian 8+5=]+9 iyEIAZ (Kieran, 2004a) =¥t
134+ 11=12+12 195 = HET 5 55 (Molina & Ambrose, 2008 ) 3 £2 £2 £ 2 75 1 il 5 58 R {4
R B EENSE R (operational meaning ) - BERE 7 HFIE /A G WEEE Z FEHEME
HIBA &M =S (relational meaning ) - FE1f fiwBp St A4 g B ULl B4k - BT EZEBE (%
HI S8 E 4 ( Chesney & McNeil, 2014; Prediger, 2010 ) ©

ZAI - IAEARGE BERE HEEAICFE (word problem) fHFEET » — ({6l ERY A 7]
REHEAFENYIXEH > FEEE - EEEENREGERE - TEEER/ME - hERRHS
AVEREES)  $Rit R B Ay ARBUEENAER (Carey, 1991) - 40 " /NEHA 3 JEME - NHAT/NEE
HH 8 JHkE - AR /NER RN 7 BASREHEEYIaERR 8 —3=L] > & 3+[]=8"
RFEMEEZE R =W R AV FE M - b s AT = —=UErERY B2 4 2K G B BAREUE 4Ry
RES - E /DT EMRTREUE4E (pre-algebraic thinking ) e

WEZ 22 E R ~ FEbR ~ WANERFRENES » BAE RN HERCHEREE L ERA
T BHEREHF S LTFE > BREEZESE U FEBEFER A —MEa 5= - 1EHEREH
s AEUE 4R AR R AR IR AR BIE/ NS TR B AF S AR RSS2 UBUE
e o Lz o BIECAREEE T 72 U BERE - 58 4 A B wi ([ S E R 512X - B/
REEETERFINE - 5 2 BRI 2RER/NTE F /RIFEENRE T - SIR2
BNtz (cognitive diagnostic model [CDM]) REEBIEE K IE T2 AERYVBIERE T ~ HEMHH
B A B SR M CANRRE ~ % ) 1 sl S #E 5w ( item response theory [TIRT])
HYEE B ALRE RIS AR B AR N EMER —EEEE R - /K EELRIgEEEF R %
EEARHVEE RAEE — 8 R - AR F 4 ~ ZEAN SRS HIEEE -
it CDM B IRT e /4 S BR 72 2 A VAR B 4 » S ERET BB R [E 4RV E AL -
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B SURRERRT
— ~ Hiig BT &

BT ET R ERERS » DI AR EE R R BB EEIER RS R (Kieran,
2004a; Kilpatrick et al., 2001; Radford, 2018 ) ; [N E iy E4E# R B LIRSS ZE EEHIHE
U720 o BIAIRTSC T /NBHER/NEE | EAYOR AR » REmER AR 8—3=[] & 3+ []=8 #y%
= AR B AR 3 F0 8 A TER - Fla T8I 3 2V Y L HE 3B RS
e 87 ) HBN A B4 - Wit - Wk A RN E X B AERES) - HH
3+=8 HREMFRALALEFHENAEED "W 3+ 18 —Z%  FrRALIFER 8 K 3 -
el B 4 T Ut P ap R R B VR i - (RL - E RS SHERANEEE R > N 2E
e AE A T A R R AE Lt 7 S5l S8 4 LA R 4 -

B —ME L (generalization) BASZFREMEF (problem solving ) K EE)H #7E H AHE T
4 F BB 4ERYEE) (Radford, 1996; Sibgatullin et al., 2002 ) » fEZF AL — (LAY
R MEAPTE R FHY e AR EBNEY - BB ERE—EEE - SN
BB IR EESS R > N FE RS EEE L EENE2OER - T FEEETEE
FIHDREARFHEA R RAOEATH A —EEE > BE A AT AFTHAME - Radford

(1996) 585 » SEEMIJTE AL EL R A — A LHUR A ZE AN EAVBEE - MR %
A A BRORE S (DL P B [ R A R L ) 5 & A MR Y R -

RE R B E R e a T RENERE— BRI R ER - & e 280 25 B A
W BRREINLL T % - Kaput (1998, 2008 ) F5RAEA ZEAC kAT HE F » H o —fRbART5E
ERE WML - BT B E 2 (EARRP) HEERN—R b — R bR R T 12
B TR R SWEE AT B FFIRAVIRIE - It — 00 2 B SR REER AR 0y = (8 £ :
— BRI R R I B S T B 24 - R~ BAR - BEEAVERSE - BB VE
F = Kieran (1996, 2004b ) $2i T 55— TR SR BV E G =0 - a7 ARy = (I 4H 4.
SN EBEEED ARk EE) (generational activities ) ~ BE{LJEEf ( transformational activities ) ~
PARe 218/ 74005 B ( global/meta-level activities ) o 4 ple)& 88 R (RBEFI XA E £ - BFE
X TR R B~ BRI RAVARL AN - B LE SN RAE B AT S TR LR -
WEEGF R ~ R0 - BHEIN - TS 2/ T8ua s K DRER THEES) -
TS © g~ AR TR PRI SSRE AL~ BT BA 5 — AR ALTIEE I S5 - Hodgen %5 A (2018)
by Kieran Y 42 piOE B ¥ FEE] Kaput %0 — (—f&{L) » 1 Kieran =AY LIEE)H]
HHEF] Kaput IVRZ0 = (FF9EHR1E)

= FEERERRE

B REUE 4R R A Eallr B s 5k - EEE N FERNERHEE AR RN
U EVEIENE o 41> Kieran (2004a, p. 141) S8R0 S 4 4 2 CRUE el - EoH
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FREIFERNVEFR T TEER 2 — » 17 Kaput (1998,2008) taR[FZF 5t B R AL EEZE
i —MACEMREA RS - 2 E BRI > 2AFEREREL T ERERE - R
HEIRI LA A B A BAE RIRT 9T - JRRIESR A BERER - HE2EELSRE - It
TP S B SR - (PR AETAIES 9+ 4+ 3=9+[] HRIRERS > 5 EH 9+4+3=9+[1¢
B 9+4+3=9+D3 AUSEMIP - BERBUELNIZE (McNeil, 2007) - IS5 55 S 5%
PR B e R R 2EMH (Knuth et al., 2008 ) - H B B2 5 157 5 57 A 35 g TRON )Y 47
BHIAHEUE 4 F (Matthews & Fuchs, 2020 ) » ZUR % BAEUE 4L HEIRE A HEIFE R
HYPEaRk » T E AR

LEEAMEZOER  —BM%  55—&n 4 # (interchangeable ) ( Fyfe et al., 2022 )-
ZREEMENE LR F SR b — R A% BEE RGNS - PR E AW
% W EAWENEEEE B2 - il am 43 EFXANLEBELE &
RE AR R iF 3 % 4 RYERIEERRE - BREMR 4+3 BT gERER Ry WHIER
B AT DU 2018 i) 1 # Y )7 20~ (McNeil etal., 2019 ) GFEEEEE (19 +4+3=9+[])~
A= (W x*=9) > KX (¥’ +4=4x) WA - JEFAEZE M EEE 0 NEEFEERE
FEME RAVNER-ES (Hornburg etal., 2022; McNeil etal., 2019) » ZARBERFEE & &
FRHVEE - ZRFEEMED KA G EERE SN BB EY - S IrE A InNEE =56
SEEERRAL o A I s E A T EREEUASEERAE L (Matthews & Fuchs, 2020; Molina &
Ambrose, 2008; Wardat et al., 2021 ) » E'E T A AEREX 2 HEEHNE R -

ol B R B RSN EL  (HERARFEE SR EENRRE S HE 2 4%
[EARE E 4 o iR T g8 H JJB G | (change-resistance account ) ( Byrd et al., 2015; Hornburg
etal., 2022; McNeil, 2014 ) HYEIRL - 224 2 5| R EE R KB N Ea b2 sl RFERGE
Ry BWERGER > N LT R R RIEE S B2 EREERER - BRIV
GEEES R RVENLH - (24 SR NS EMEAER M EREEE LEEAR
&t - McNeil (2007) DAt +—pB2 45800 9+4+3=9+ I FEAKEpeSax Him - B
tE+—RBEASFEEENRABEREINER UMES it 2 V&R —EINEEE
ZEEHVERAE » FEERMT ~ TR E 2 tLEE SR/ TRV AE - s E R
Bl/N— ~ ZAEREAEMFEGEREN - 2EKE A R TEEEMENRR - 1= TUELR
RFRAERMTSE » 2R A& Eals  SEEINESEERENZ MENER T &
ERFRIZ > HIRN AN (OB LT E R K R - [ REMT & R EE R - H15
FEFHARRES - Wit - LFRERBUSEINVEER - A BT E 2 1 BT 48 B & 5k
I T -

= XFEEFIFRENEM B ERRBE &

T X 2R M R B - RS R ) R B ARV EE AR
Z— (ZEHD > 2018) » 280 S RE AR A S22 1 5 BT B ARG IR #E3T % - Mayer (1992)
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oF S REU AR o B TS FREL R R L D R DR O (1B PR B - PR A Al oy B R RS - S
WA VE P B » R g R R FR A o0 R AR BRI B 422 ~ T Wi T TP B - R MRS B - B4
B S R S PR IO A A S R R AR R A/ IS S R e S T ER R A R T =
RS P AVEE T — ARG 0 [k BE - oREE--F S B EA AR
ARERVEEY - PG - IS @E TR EHE - R E R REREEER - 1
MR e R P B - B AR S $ 34 FiT I B O TR ZEE A T SRS VAL AR &) » B8 E IR T2 - A
AR R UGS RE T A - R AR SRR B IR B AT RET B LU TT
Z o BT RS o 312 U ERE H oL R AR Y SR AR A R R S B (Hegarty et
al., 1995; Krawec, 2014; Passolunghi & Pazzaglia, 2005 ) » fi 5 & 00 78 38 F RS A Gk i i O B
A SR R A O R EEUR A B B B - J7REHETT IR G0 AR B B AT R 2 -
PREE A g J)sFEETE (Programme for International Student Assessment [PISA]) $Z2EE#E
FUE Ry BB B HRARES N i A AV SO HEBE BE U7 WA 48 JF 5k ( formulate )~ JE I (employ )~
2 REELEE(L (interpret and evaluate ) = (& FEfEAET{EIR K E IR ( Organisation for Economic
Cooperation and Development [OECD], 2018 ) - .o » JE Rk E 15 M E AT B R4S 8 (0 fy 85
B ERAZ DIEEMS - £E - B MEES H ERNEEEER B SR
FES AV BUER A R BB IRARSE &S & - st H B S FIET SRR R ~ 807 £ AT
P o PISA HRHYBUER R EARES 15 52 DISCF 2 81 0 75K PISA HY = {ElFE 12 ¥ Mayer (1992)
A RE R P B+ T2 i B P R R (S B BRI B B AT ~ S PR B S £ P B ] e g i
P& EZAH R M

Ry 1B EASC R AR R R AR Bty R~ RBUE AR R - DU LB D BRI S - HY
U8 (change problem ) Ryl  fHR B AL 5 [ A BAP BESCF 7745 » Riley % A (1983) %
BP BRI F AR EE R A 0 ~ BB ~ EhigE = HAE X RR AT B A
AN A O [F] 1T 2 AR S S SR AR A o DA Ry ] - HLELE Ny T RESRE A N/ ek /D iy 8
B2 WAGRE - MSUREUR - &R ERA (CURR LR RIS 1 58 2) i -
B EORA (FERECCE 3 - B 4) BEET - RERA (EREINE s - o) AN
% (Cummins etal., 1988; Riley etal., 1983 ) - 45 R B ARH-F/D (X 2) WEHW "EEF
8 FHIGTLT] » 45T /NFL S FH > EFEBAEARFIT N ? ) ARIEZBRICGENE P AEE R
Iy 8—5=[1" FIANKEEZE AR L - IipERA -V (& 6) FYEEHW "=
ER IR &G T /NHL S B2 1% 0 ERBAEA 8 BT ) o sEMERFEAH R
1?7  EIRE BRGNP AIGEE - B YR ] —5=8 [H I KB & i Fy R -
A ARZEFFRAVEENE - MEARNER LA EN S RKEEE » A E B3
BEMOIAVEE - 1 —MEERE EH B CCE 6 VTR » B E G2 ORI 8+5=0]- &5
BN EERA RIS K EEZE - ([HE2 A VAP Fr BB EIEE R (T4 T L 8 " 2l )
HY 07 B AR R 55 AR B M AR M AT TR RA ENER S -

B e P BRI F A & O B L - BB D BRI bR S R4 ~ B8
ELE ~ HfR - EREHEEA (Greer, 1992) JNA FlRrME - S E Ay EALE FRE RS
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% FEARMBESHTEEHRLOENES > MEBERSNENERERYI - FHBRAH
EEHRAE  REEZBESFENEITAENRKESE S K2 HEIH RS EBIEES G
B~ GREENRE A AIFEERENTAEES - WP B FENEMEESHIFERES
HAEGEAYINEBCKERE - fl " BRI S EtbEES 12 A0 0 DNEN S SRS S
9Ny NER B EZE 154 A0 BRI S EE% AT 7 MmN AL —(154—9)=12-
BOE 1549+ 12=[] » {EeE S B SUERORME - A EPkER - &5 AE HIET H
h—E R (CREFHMEREE N E2EEREIEEE (Mayer, 1992) SEREEITIE
iJFERE (OECD, 2018 ) » AWH7ERE R EL M " REBUEHEE ST o DIATASE 6 /Y T 2%, R
Bl R ] — 5=8 Bi#E 8+ 5= & < — RHIEMSI > Bt B HFREEIRE T - HhE
FIET]—5=28 F1 8+ 5= IRy {E & = o] DL & BT e f e KA 1) AT Se Al RE R LA T 5
AN

DIESRET B A R BB ey b 98 2 R F AUH 0V T F IR 3% - WoRIR R B IR
( McNeil, 2007; Knuth et al., 2008; Wardat et al., 2021; Hornburg et al., 2022 ) - {£H[ A >
X n DA B AR BRI TR AR MEE A EERN - 1 HA
DAWE B2 AR AR A G TI0 - R DRk ey T e 4 e 1) 5 2 e Y B TR L - AR Iy TR FE R A
EEEEREEGE EAYER > BRHE—E IR E =/ NENYI - EEAER S/ NE
EATHEEAVHIE o AT edE T EAVES - — 8 =/ NEA T ER —/ NE R ERE > 1]
DU B A= Y R B HARE ) 5 55— B RE A Wi/ NE TR - 8 AT ISR A iy S (B AR 7 B
REEEHREE ST 5 I — 2o HF— Rl 50 R AH 5 [ E ER A Wi/ NE IR & 0 = B AR B I - 551
WIEE 2 R A GEAVYIR R A —E - SRR H R e R e N
HERy—/NEEW/NE

Y~ BRAIZ BT S A R S PR E

se A2 LB R TR ERF R e S £k T EZ(EB R RAE T -
e PR M 2 SHAHYERE (REBIRF A - 2015) - GILIAHSE o] AR A2 B iR = DL T fi#
ZHEZSEHEREERU R ZERBAEEFERET - REAERA B WL S TR
AL - HAl CDM A ZREEE A2 E = b3 - Horf DINA #5( (deterministic input,
noisy “and” gate model ) &% W fE B A F 7R, (SREIRFEA > 20125 Xuetal,
2023 ) - DINA A BEE AR ST EHUE » B 72226 B A HREESRAEIEIN > TR
BB IE R 2 B 2 - E824 B sUER A R AUE A s sUE AR » B
R RB2E  EEARBEFHZEENFTARAE B Sz sl R - BIEB2E -
f£ DINA #HVREE T B sl a7 S ERAMEN - SAHARFHZSENAT AR
MA e B HZHE - i DINA S BEEAEEN fEe - HHBEARESE - SO0
PR DINA R AREE 5 S AR Y R ~ SFERED - R EHHvE A -
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s S B S e 2 A RE T~ SIS 8 (R ~ SRS S ) BEE R IERYHEE
B BEMET 2 ME B ERE S » Bl #s I E L BEEE AN F bRl - 2%
(& B RE A4S > (2 B oI (2 [E —(E & K _L#ETEE (FMAE ~ EfE# > 2008 ) - IRT
WaE TEF A EBE > Ho Rasch B0 H — et WUsARE  EER I A-EN 2805
B M E fE D Blsl R S R T e E — (& R L > B R logit ¢ gE JEISEERE Y 2 IR E
O E R EE R BERE N E S SUE S AV 2= R ER  ZEZ AR (£
S, 2004) -

H ~ SRR

PAEREUE M e R 7 SR R 2 B iR Uk B2 A TBE VSR A B 1 S A Y - Rt
Feakat WAV B ST REEAUHIETEA - AP MR i A B (A W BRI 1 + iR
R AT SR R TR A > TSR AR Sy B VURR Y (BERIR SRR 5) - [HEFREEE N EE
RENHVERRE AR > FEEDFMELNEREEZ L Bin LA FERAEEERE
AERERE & > NIL ARSI Ll DINA B2 An e oy By —Fl AR AY © INEE (B Esha
SO RERERL ) ~ BE—REE (Rl —/ NEYIFD) - DR ZITRERE (R W
NEFNHFE ) ©

DUE S AR RE B0 RE . FEBE AN FE /D A 1S 2 (8 R g DU = Hope Ty 38 e
G AW LA =2 RSN EER A BB S SRR FE RS B AR U R 2%
HelENEI & S EERVEEREE - WESFREARBFIER  DEEEEFL - K
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This study empirically examined the effectiveness of using mathematical texts as a means of enhancing
student literacy regarding negative numbers. A quasi-experimental two-group pretest—posttest design
was adopted to recruit students from a public senior high school in New Taipei City. Specifically, 91
seventh-grade students from four classes were assigned to the experimental group, and 45 seventh-grade
students from two other classes were assigned to the control group. Over a course of 4 weeks, the
experimental group attended 5 math sessions per week, with 1 of the sessions dedicated to reading
mathematical texts. By contrast, the control group continued with their routine learning activities using
standard textbooks throughout the 4 weeks. This study developed the mathematical texts studied by the
experimental group, the zhi—xing—shi (knowledge—capacity—comprehension) evaluation criteria, and a
pretest and posttest based on these criteria. Accordingly, the following two main findings were obtained:
First, after learning with the mathematical texts, the experimental group demonstrated significant
differences between their pretest and posttest scores in terms of negative number literacy. Specifically,
their knowledge comprehension increased from 3.5% to 25.9%, and the error occurrence decreased from
11.8% to 2.4%. Second, after the pretest scores were controlled for, a multivariate analysis of covariance
was conducted to assess the posttest scores in the knowledge, capacity, and comprehension dimensions.
The results revealed that the experimental group’s mean score for the comprehension dimension was
significantly higher than that of the control group. However, their mean scores for the other two
dimensions differed nonsignificantly from those of the control group. According to the experimental

findings, suggestions are provided for the application of the developed mathematical texts in teaching.
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HRHER (BER - SRAEE) s > SN (BRI EERes () S
SRRSO - BPIARE : y =mx+ b > BIRFFEENGCEERA L T S 1= 1 x
BH2+EH2 - B REEENS > TREABHEENVE T HZ1MHE (Dostal
& Robinson, 2018 ) - gL [E ¥ & E I EE - R —(-1) = 1SR M " - 5t(E
e T — ) SRIVEREBER  BCEREAAT DI B O T SRS IE 0 fEHEE 2 — (=5)
WAl EE AREG 8B 2 + 5 0 NEGHTA I BN " & T il Rl — R AV EECR 8y
B EEEESE T - RETEREEANH ENSITTESR  MERMRGE TEENRY -
a0 " &55457 5k | ( Detachment From the Minus Sign [DFMS] ) A2 S & > 424 +8- 2+ 5>
ANEEFEEELTE 245 55 4+8-7 554" — 9 AEeHY 2 BT SRR D
IR BRI EE 8= (Molina & Castro, 2021) « Kilhamn (2011) 325 @ #HAETE A
hE RS E B EE VS - BRERE > 2RISR BHEE - R & E5i
SHIE R -

"R BRAEARTEEIEE BRI (BRSO LR TR
HELENIHAF9E (Fuadiahetal., 2017) » R3S THEGERIE T > BEE PR T BBy E
BT BERERZAEZERG > HPNEEE 7 A8 e RIUAER - 5iE E =R
BRE A S T AR ORAR S RS, > BIADRRERY N [ B2 S Rh ey & 68 A SRR E 2
®EAA " EBOR AR T ARURIER T BB E R FREE e ERSE (HEE
2022) - ZATMEHHETE (" — ) WEITERERMARES  EAFR " - WHEAEER
SRIEEME T & R TR AV N R E R SR R BR T ERNBCAM S ELE AR
B S IRHE SR - M B RN EUREE (Bofferding, 2014) - 5~ » EAREE 4
WRESEE > famERBIM eSS BEERR T ERBUEEAE RS AR E
i H— R RE S ER R A L R A M aE Z TRV R (% > Q0FERE 2 e 31 > B4 ] AIEMERR
B2 - (-3) W HEME 2 85 3 (BT BRE (ZorER) fImEPI ? siEaE
EIRBEEE R EEET ] DUBE IR SRES - 4 ELm] DUREE 7 — (=3) 2R — B £ AR T Y H
HEE T IEBERANEER  HOBRGERBREEAERES > DEBEERNS - e
AIF AR R SR HGS BN WE A EE A (E REELD T H P BE( Molina & Castro,
2021 )-41: =3 -2 - 8 A LI MREEI -G +2+8)  AMEH B E -3 -2=-5> HitE
~5-8=-13¢

108 SR #H i B B EIEF PSRV E R - HA —THIEE  Tn-IV-2 A E
o MREE B LR > RN IR - H RS A B H H VSRV IR AR -
HATHENEENEAAE TN-7T3 g TIE -~ &, REEETHNE  HEE---- 1 Pk

"N-7-5 fETE B EER  EREEAY RN J (BB > 2018) » ZMKIEERA T LR
B OATERY DRI~ BB - REIE L, KRB EERTMBELIZAE KL > BRI OK
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I~ FEA - #EEE) BUBEAVEEES (MERKEAN 0 2013 5 BEIRAB R - 2014) - {HE
BRIET > FEZRAEEARNELESER - Da®hf > "Ta  H| TR, EE—
A REITER - BB R IUER > IRAFREHEESEY > HIEWES © kAN
BEMOINEERZER " 2R EEE ) AN SRR EAER - s/ R A
WA RS RY EE G o 2RI TR RIS EE SRR RS CHE A
PR LEBELE - B AR # AR (Vlassis & Demonty, 2022) - H 57 5% & #H
MR RT SR i T S B VL T SR A A S AR ) AV ER B AR - LR BB IR Y
ANEZEE (MR > 2005 ; Fuadiah et al., 2017; Vlassis, 2008 ) -

Ty EEE 108 FR4M T ZEA | AEREE S MEskEA (2013 H 30) #EFEML T A
173, Fh R FEREBAZBEERREVBEGEEME  UE TEEREREE - BEH
SPEE o A T RS AEEET AV T | o HERAR B S B PR T 2 [ RE S E A o 22 | - RS B g
B> Tl (to-know ) BIIHIME - 1Ty (can-do) /ZREM - 1 " 3% , (to-make-sense-of) HIEL&
o (understanding ) SEH s Jg WAYEIAT ~ MHEARLSAVIESS » DU E S (appreciation ) 25 {7
B A o P E LB RIS - T4~ 17 IECE TS LHE > T8 mEHE
BIIHIZER] - WELER 0 RiR BRI E B R R TEk MRS -

ARSCHET RO~ AT~ B I PSRV R R B 43 B £ T RIBE L (knowledge )" F£AE ,( capability )
FI T EAE | (sensibility ) o fy & SER AL NITRERBEAVEMS - DL Bofferding (2014 ) FriEfy " 5EE
BEngy BT R RRE | SRS o WSS T B EREE UK | (mathematical text for understanding ) e
FEHET T HEEME, WERT S, THEERE > WHENREENEE Y — > BEg
HAHE R IEEE > 0+3 ATDUSTE 3 (E5E R - (HIME0ERER -3 [EEER © B "%
GRERME ) B TEESEE W, DB R BB S L A RS E e (Sfard, 1991) -

BEAVEER RN R - T R RN R AR EAVERRE T SRR
FFEETT (2007) RIRHECED A BB » SR 2 A ML EBWINEGER Y - Ha
g (2015) Frilrekmt A2 - SR RBUER S 2 A B 2 8 L ARG A
BHIERAEE - PIaBEsE (2013) F&H B R ERET 2 8B R RYERGEH - 281 > /D
HHER TEBGRERE, B TEEE B ABRISRYI SO -

WRERRIRARREHE "H -~ 17, HECHEHEE L EREZEENRENE
B BEEGESCR ) WIS ETEEEE Y - BILET > AR ERIE T 17~ 8%
Rt T ABETTNEEZRE (UUTER T 2REE ) SFEHEE > I BB RS T
ADHIEAL R MG 25 - AR llmE T A/~ 17~ 3 =@ % > FEFERTREEINE SCF
5 > R " B BAYFIE ) (making sense of negative numbers ) B MEI3HT o A5

TEEERESOR ) KEEREE > FEEER - BFETE  BESHENS LRBEE
WA 2B - (IR A B AT AY (O] B A 1T » BRR L - AWF9eE S ¢

(—) "TAEEREA ) ZEEOREAABEENRERI?
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B\~ SURRERET
— ~ ATk

B TUEANIZE TR 1T Bk ZEE T AL HIEREENENRE - BE — R
EHSEEEN > NI EHNEEFEFE ZE2ENE (Wiggins & McTighe, 2005/2014 ) - {1

\ 2 e
0 ABCEBSR 1 0 0728 - BESEO,~ 2, 1 ~0.0001 ~15, 2 SRR AR il
M T=5, FroREET 5 E%

R T AT AT 2 T AR, BT AE A o FTRAER
= AR R TE R AR B v DU R A i Y B2 se ) ( BE4ERZ - 2018 5 Hiebert & Lefevre,
1986) > 413 —5=—2EE0EERE T - T 8%, AIFEREF] A B 509 R 8R4 S 15 5 A R
R (ERV R R SR RE B AR S E R PR A R RE (BE4ERZ > 2019) - BIANAEHRT
IEEBUEE HERERE T -

SR AR —FERE TV B E & A 203 [ > Hiebert Bl Lefevre (1986 ) BIZE Ry 2 AH15%
HY i T Z Rt 2 AR B E VAR - BUBRE SRR B B - BB 1 @R EEAE
(primary level ) » HEIFAEBE KA NERMNHRMSER > F 2 BXRAEKEE
(reflective level ) » BRI HI RIS » T AMEE HER B B HVERE - RUFFRiE A
Rl T a0 A7 8 R R R B TR AT B ERAREARNE 1E
S B 2 g R SR A A ak R Ay 24s - 0 T D B95E 2 R EREMERIFT SRV E S - B
PR, BT B, RS RIE T RE S WERREE T 1T U 2 BRAFE T DUERT
2 {E LA E ¥R B - 502 RE SRR (B AR SRS BIAIRERF —3 -5 — 78y —(3+5+7)
SFHIEMEZE-15 T3 A5 2 @XRAFE R R B & R S e B R FE F R - BLFERE
FEERGVITEER FRHEEBNER  UAHEBEE A m R hBEETFEERET -
RIS DL bl > PR T~ 17~ 3%, RIS 2 fasRlnR 1 - fERETH > BHE 717
o HYFRIRAR P B RIGE - R AE BAERAE

%1
ST REEARR
5 % 1 % 2
RFE B FEAN (e G ZHVBERT B0 0 % A0 ok B2 AL T
EHE) RIHOHESEEER Y KBS -
BENE -
REAE BEIT BB MR B LA T O HRAE A SATT 5 (81 1ok D 0 O 9 O o
BT - BT 2 2 B9 I RR & M -
A EMERPTERAIE AR R R BT RE A TR T A R

[ 5 HE RF 17 B P R R Ry B =1
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B SURREDIEEE AR B C Y
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= BEEF RS

ikl SRR BB R 518527 Sfard (1991) WYE G (L3R (theory of reification ) -
Sfard R BUEERE2AVIE R BHEIEM: (operation ) BA&ERENE (structure ) —fEH#EFE « DL T |
Rl » ZEALEEAFIERYREE (counting) %A - BTS2 DARTHE (B E —[fir (3 B0E £ 47 )
FEAVEE Y (mathematical objects ) » &4 TP RRAEREMERE S - BN RS > Migs [
BRI R -

DI A Bn R R E R R > BESREEE R AVEARYIE (Objects) BIHEERE

F— ) 5% (AGREMREEEES) > 2Ryt (ERCKRENES @ NBHSNE
BIFE R S0y ) AV E&C Bt 38 Wik 1-a > &CE EASERPEM AL (interiorization ) » BIJER f 85
SR BN R PR AR B SR 2 T M S B R - 0 BEARE T -5 5] 0 AYUREREEL +5 F 0 AYEEEE
TS > SR TTLAASII R —(=5) = 5 » &G ELE —EHIYF A > BIEREERE S
HAER FE BB AR ME T 586 &E4E{L (condensation) RIZH5 AT DIHEER 2% 6 & MR & 5
oy > BEPSEr S R B SRR E - ERIERLIER - IREIAT DAZEIRNE RE T DA
BB RGBT FIEANEE ARG IIEEIS - E2HN T E LTS
HEE R - IR g AAE 1-b -

BEYIE ARLSRBE 2% - QISR Y BRVEE - MaEsWER » 3 - (=5) »
I FT Y0 B gt T B SR ERELS ) (Al rEEE —rERMeER ) HIEEE
BEILEYIT A S ERBERIE > WE 1-c o BEMEENERYG (Bgs T EJER , B

TEERE | FESEW) WVIRME  REKBEERBBREMAML - 254 B BT 2441
#AE W 3—-(=5)=3+5 MHEHNAEE M -3-5-7 thAEEEREEN -3+5+7) »
FMF TR EEM ST s ER(E - AETEEE 2Pt C 1L AE 1-c HE1N
A9 J7 [ o

£ Sfard (1991) WESIE A T - FRBEFTANVMESE BN S B IO R 7 Al #
i B B A bR e s 4E e BFE B AR e AT 28 48 > H N BB AR e (LY A2 2 L (B 1R
AR 5 AT BAS LRI AT Rl S - Tipk B — TR AR RRAERE - ANR L & R LB R BB (4
FfiA RE2E o Sfard (2008) ¥ M52 E - 5 MBI FHVE I (metaphor of object ) AJ{E
RIPREEM SN AR T E— SN Empi i " 2 Ewm o Wl AE g Ry E 2
— AL -

4k > Dostal B2 Robinson (2018) FIFZH{EA " 8 #RIE | & 28 BRI R (e
I - WA RV BN BUEE SRR - Dostal B Robinson JRFY fy i L AE 12 TR M 12 g S
B REZERE » EENNMEZIRATETITE - MEEASFHVERHE - MENeEER
s AE R R PR 4G HY SR 2 — -
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1
2T oy — R P AR 4R
B 1-c
Concept B

#7{% B (ObjectB) —

Hig(k ( reécatiou )

B seimfb ( coerensatiou )
1-b

Concept A A1k (interiorization )

¥1{4 A (ObjectA) — P A _EEaE

( Processes on A )

Bk (refication)

#t4E({L (condensation )

1-a A1k ( interifrization )
B
S T
( Concrete >

( Processes on

objects )
jects) Concerete obiects )

A

#F ! 5] EH“On the dual nature of mathematical conceptions: Reflections on processes and objects as

different sides of the same coin,” by A. Sfard, 1991, Educational Studies in Mathematics, 22 (1),
p- 22.

AR e R PR B — S B SR — BRI T B ) B T SRR ) 1F Rk ook
Hep T (EERTAEESEW M T RSRERE ) WEBTHEBESRE - T
I3 il il i — R R o

(—) Mg

FrE8 iy T =gy, (metaphor ) 2 —MHE 4G - FHEMHERIVHEL (JRBHNEFRE)
78 0y v DUSEAS R RAVE R (THEAVE B - a{E el sEheh T8 - & B
EEIT AR F 2 (Lakoff & Naifiez, 2000; Sfard, 1991; Soto-Andrade, 2007 ) - L& ¥ A »
EEE R A BET  BOAN SRR AR NHEREMERRE RN  BEEEHEZ
B2 2 e 1 P QB M e PR R Y O A [T R - BB IR Y 2 H AR B B R 4G E Fe (A
A BARIR R BUE B R S B ) - (F REE AR 2B R BHVEIEEEE - DUHE
& 2 Hh SR TH AR B (BB R TR A BRIV IR0S - BEDLE SR % T B S TR 8 ) ( Altiparmak
& Ozdogan, 2010; Dostal & Robinson, 2018; Vlassis, 2008 ) o
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RSB I 2 3R R — TR T R B R B R 2 > RA RV AR RA M » (2 B(E N N E AR AT
HEfi %S (Lakoff & Johnson, 2003/2006 ) » BILISCA S [HE & BHISEA T - EREIAEIERE
VBB b ML TWE R TR ) (FRIEBEABHEE S S

?"E‘%rfﬁ'?J'—"h%’fﬂHf”ﬁgfi?? FPE?F A RETRFLE ALY
Facor TG o U e TR B i ,r*,.ng THEEMAOLT o BAois B v

"WE BEABEAT BEATETIYE BREE - PIAUEER - BEERYFE
T BB SHIAE S - TRRE R FIRME MR E I RE IR G - REE SE SR B R At
W“‘" (P& (R) FRIEP b E BRI - /1% - RERRIL(E Fl S SRR EHVEE Y - DU R
ZHEBAEAETHIFE > BRI B bRy RIA -
sicaEl LA HY SR BG R (e S BV S B B A eE S RV A (BL4ERS > 2018) - [ » SOK
fe—BRsamtaRa B, B TESERE > 0 T BT  EEAEER T — ) 9EHIW
ﬂi%% DO B ESEN I T HER > BE LG "5 — (=3), HF T LA
= ?REHMS T ERE S ) EMEE 17 - (-2) ) ? ARES R R A IR 4 —
ZHFY —JTHIL (binary oppositions ) » G4 " BR&E T BN - HAIVEM B LA
EMSERISHE S - BB MERH TG BHHIIMS  tieftEma s 2T
CIgIE ) RRIERIRE S (MOTEC - BEEEAE 0 2009) 0 GIANIEERRZ ~ BELT ~ ATEELRIR o [E]HF
t Ry SORHE R A MRS - RIS BRI SR R 1 -

(Z) BREEHRE

fE TR RE ) AT DAZE B ] Y TRl (5 P B A &%ﬁ?&é’]iﬁﬁﬂ%&ﬁﬁ%mﬁ ( Dostal &
Robinson, 2018) - iEfE R (% & BTSRRI BI(GREGE BIP T RIRH (4 - 2 E T HESH
IRHE - i " A AEIE | EER O (Baroody & Ginsburg, 1986; Gagat51s & Alexandrou,
2022 ) o {HER A 1R AT 7 1 — R~ AR Y B SO T I T (RBBOE B » IR 17 7 A Y 8 B R L Y
I N SN - TR 2B A ARG BAREUEHEE ST (Kirshner & Awtry, 2004 )«
Dostal i Robinson (2018) 52578 AE J1 /2 H ML 2 tHFUE GRS AV R B E AR - EERY
MERIRAIET (T FREZENZEANTINVEFIE 1S I8 2 B3 A P R R M s
RIS — o BREESCA Y T HBIRIE ) BECEEE S - FENEEESEHNEES - FIH
o BB T A B B B U\%g "EEMR ) BECRIEEE) - MR TR
HERE R R F 2 W R B S &Y - & — ol ek 2 1% > I " MK EER BB 0 it
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TEAEIE ) REERE
-(3)=-3
—_— T —
! ! ! -
-3 0 3
—_— -
(3)=3

AR EZETE A BRI E 2% - WEELER - IIEBEEAE (RImEIEEITE
[EATE ) » WIEBCR R AE (RIEEAFEAAERITE - [mATE) » A& T E2HER, 5
" ERER ) HEE S B WERRER T IIaE RRAENR - TRE R BE AR -
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=2
T B v B B
TR B JER B EEE
2—(-3)=2+3
-— i #IE1 15382 %IE3
(8152578 77 1) T
e 2-(-3) = 2+3
(g 4R F 2 L &R > HFHARE 35%)
-1-3=(-1)-(3)
— & Bt 3 Bilife 2 Bt 1
(B E 77 141) TN TN T TN
! w 3 > i 0 —1-3=-(1+3)

(EfEEsR & — 1L BB > IWI/ERTHE 318)

A EZME (visual salience ) BI¥8 EEAHE AT (Kirshner & Awtry, 2004 ) e
®2F o B EUENB( LR E SRR > A T IIE0R  —E T IESE  ByHIL
g B AR AR E o AT DA DR IE By B AR IR U F i R R MR A B - — B T T
TR BV IEEAHEE D - A fR RS st W BB RUE T 2 B o [FEER AV ERE R IR
A5 EEEAAOE - RSO AR o B LUE HREH AR Sfard (1991) A Z &
FCER 3 0 KPP AT HH IE A SRRVl B A BUE R PR - A iR SR R (R B S i B e e i -
PO AEREIRIE - AE 5 ESGE A BYABE S E R - BE - BB BEMEEEE
A EN (AES) MRS - W EIHTTIE - BdETERRIVER I ERE
AER S » AT A nYEkeE (BREZ: ~ BAER - 2021)
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Linchevski 8 Livneh (1999) 525 & 852 E A [ HE I 53 B &5 1 RUAY B = B 3 RUE HY
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BOINE > THEPIFERBRE R SETE AN Fe s st SR R AR EETHE
RBERERIEY > AE 3 - HBERESIHEEE  KEE T RRET S EREIZET 8%
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-3 HiRE (-8)+5 BFEME (-3) MEFH (—8) — (=5) = (-8) +5 = -3 ° [ AEkFHE X
ARERFE TR AVEEAER - MR EHYRATE - RIRE > AR FRE S S R R B
FERRA SEEERMHGESES " E ) BEERENESR - AREAE T LR T
SRty AERER > (HEM A DUEGEH B W -

H 3
E et AR B
3. B -8
LRERAST 5 E  BRARESRTT 8 AEES(ESD ?
BUASBIER —S I - TRARER 8 [ - o
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(AT LR R T 3 7 - -—?§
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BT EERTR EEE TE —(=3)
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FrEE L COMgL » 2021) #fEr TEEEAMRIE - DIEEFHEE R E RN E L
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ETJESY | A | B | C | D | E
1_ FA= “ )}: 7;‘.; i
ﬁ%ﬁm%,ﬂmﬁﬁgffzjﬁmﬁgLﬁgﬂgim%;Lﬁ%ﬁ%%mﬁ
SHERMIIEN + | T B 2R B - 2R IF ADa
RykSReE - | T T RORBEL - et
ZAN ZAN
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This study investigated teaching tasks and student responses in a college-level mathematics course
taught through an inquiry-based approach in the fall semester of 2018. The case study method was
employed, and data were collected from video footage and observations of classes, interviews with
teachers and students, discussions regarding problem solving, and a questionnaire. Qualitative data were
classified on the basis of the teacher’s and students’ performance, and quantitative data were gathered
from the questionnaire. In addition, triangulation was conducted on the analytical results and data, which
were gathered from multiple sources. The results of this study indicated that the teacher’s inquiry-based
mathematics instruction followed the process of “problem proposal and solution.” Specifically, the
teacher assigned challenging tasks to the students to spark their motivation for inquiry. He then adopted
the strategy of posing questions to guide the students through problems that required clarification and
solutions. Analyzing the teacher’s questions, we found that the tasks assigned by the teacher were
primarily related to “providing hints and bridging” and “asking for explanation.” The students’ learning
process focused on the tasks of “searching and comparison” and “problem solving.” According to each
of the student’s performance on the questionnaire and interview, most of them stated that the inquiry-

based approach enabled them to understand the value of mathematics instruction.
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PRI A BB S > W H R A 2R - N E A S = EBEE A T Rt
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